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ABSTRACT 

 The atomic-scale structure of a series of (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses 

(RE = Pr, Nd, Er) where 0.050.005  x  has been characterized by high-energy X-ray 

diffraction technique (HEXRD). In addition, differential thermal analysis (DTA), Fourier 

transform infrared (FTIR) spectroscopy, and absorption and emission spectroscopy in 

visible and near IR ranges have been used as supplementary tools to validate structural 

features obtained from HEXRD techniques.Structural features such as inter-atomic 

distances and coordination numbers and their dependence on the concentration of 𝑅𝐸2𝑂3  

have been obtained by analyzing pair distribution functions (PDF) extracted from 

diffraction data. 

Coordination numbers for P-O, Na-O, O-O, and P-P were found to be independent of the 

𝑅𝐸2𝑂3 concentration. In contrast, the RE-O coordination number varies between  8 and  

7.2 as the 𝑅𝐸2𝑂3  concentration increases from 0.005 to 0.05. The variation of the  bond 

distance between large rare-earth ions (Pr,Nd) and small rare-earth ion (Er) is 

approximately 0.2 Å, which is attributed to lanthanide contraction. The Na-O coordination 

number in these glasses was observed to  5.0 as the 𝑅𝐸2𝑂3 content increases. The 

overlapping correlation of RE-O, Na-O, and O-O in the same vicinity makes it difficult to 

calculate these coordination numbers.  

 DTA measurements were used for the investigation of thermal characteristics of glasses. 

From these measurements, it is evident that the glass transition temperature increases with 

increasing the 𝑅𝐸2𝑂3 (𝑅𝐸 = 𝑃𝑟, 𝐸𝑟)  content. FTIR  was used to inspect the structural 

changes of the glasses. The doping of 𝑅𝐸2𝑂3 (𝑅𝐸 = 𝑃𝑟,𝐸𝑟)  induces  depolymerization of 
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the glasses at the 𝑄3
 tetrahedral sites. The forming of the ionic linkages between phosphate 

chains is attributed to the increase in non-bridging oxygen (NBO). The cross-linkages 

density (CLD) increases with the 𝑅𝐸2𝑂3 (𝑅𝐸 = 𝑃𝑟,𝐸𝑟) concentrations.  

Absorption spectra for 𝑥 = 0.01 of 𝐸𝑟3+ and 0.005 − 0.05 for 𝑁𝑑3+ doped glasses have 

been analyzed using Judd-Ofelt (JO) theory. The JO parameters have been used to predict 

radiative properties of luminescent levels of 𝐸𝑟3+ and 𝑁𝑑3+ ions. Comparatively large 

photoluminescence lifetime 13.76 𝑚𝑠𝑒𝑐 ( 𝑥 = 0.01) for 𝐸𝑟3+ and 476 𝜇𝑠𝑒𝑐 (x = 0.005) 

for 𝑁𝑑3+ for the laser transition was observed. However, the quantum efficieny of the 

erbium doped glasses is ≈ 70 %. The influence of 𝑅𝐸3+ ( 𝑅𝐸 = 𝐸𝑟,𝑁𝑑) doping 

concentration on the emission spectra and lifetimes was investigated with model proposed 

by Auzel’s limited diffusion model, in order to study the concentration quenching effect 

on luminescence. In this model, the fitting of the fluorescence lifetime experimental data 

gives us radiative lifetime (𝜏0) and quenching concentration (𝑁0). For neodymium glasses, 

𝜏0 =  467 𝜇𝑠𝑒𝑐 and 𝑁0 = 5.98 × 1020 𝑖𝑜𝑛𝑠/𝑐𝑚3 𝑁𝑑3+ ion, and in erbium glasses, 𝜏0 =

12.4 𝑚𝑠 at 𝑁0 = 1.57 × 1020 𝑖𝑜𝑛𝑠/𝑐𝑚3 for 𝐸𝑟3+ ion. The Inokuti-Hirayama (IH) model 

has been applied to the non-exponential behavior of the decay profiles to investigate the 

mechanism involved in the energy transfer between the donors and acceptors. Emission 

spectra of rare earth phosphate glasses show that their fluorescence efficiency decreases 

with increasing rare-earth content even at relatively at low concentrations (0.005 < x < 

0.05), suggesting that concentration quenching of lasing action may be present even at 

these concentrations. 

 

 



2 

 

CHAPTER   1 

INTRODUCTION 

The term “glass” implies an amorphous solid having a disordered atomic structure and 

exhibiting a region of glass transformation behavior regardless of the chemical constituent and 

method of preparation [1] [2]. In the last few decades, oxide glasses have attracted the attention of 

researchers and scientists’ due to their specific properties for many modern applications. Recent 

research on glasses is based on advanced uses such as X-ray protective glasses, fiber glasses, high 

refractive index glasses, photo-chromatic, and high-strength glasses. 

About 100 years ago, phosphate glasses were developed for achromatic optical elements. 

These glasses have low dispersion and relatively high refractive indices compared to silicate-based 

optical glasses. Subsequently, alkaline-earth phosphate glasses drew attention due to their high 

transparency for ultra-violet light. But these early optical glasses had poor chemical durability 

stability, so their applications were limited. In the mid-twentieth century, researchers’ interest was 

drawn to alkali phosphates as they could be used in various industrial applications, such as 

sequestering agents for alkaline-earth metals and dispersants for clay processing and pigment 

manufacturing. More recently, phosphate glasses have been developed for a variety of specialty 

applications. Alkali alumino-phosphate compositions are used for specialty hermetic-seals. Zinc 

phosphate compositions can be co-formed with high temperature polymers to produce unusual 
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organic/inorganic composites. Iron phosphate glasses are used as nuclear waste hosts. 

Biocompatible phosphate glasses and glass-ceramics have medical applications. Amorphous 

lithium phosphates and phosphorous oxynitride glasses are used as solid-state electrolytes. 

This chapter highlights the central concepts in glass formation that underpin the current 

understanding of the atomic-scale structure of glasses. An outline is given about the critical 

applications of phosphate glasses in different fields, after which a more general description is 

presented on glass network theory and the origin of the structural disorder observed in glassy 

systems. The discussion then focuses on the structural, vibrational, and optical properties of 

phosphate glasses. 

1.1 Phosphate Glasses 

1.1.1 Structure and Properties of Phosphate Glasses 

There are three known phosphorus oxides 𝑃2𝑂5 , 𝑃2𝑂4, and 𝑃2𝑂3 but only the pentoxide 𝑃2𝑂5, can 

form a glass. This oxide glass former can be found in three crystalline forms, hexagonal, 

orthorhombic and tetragonal.  All these three allotropic forms can form glasses when cooled from 

a melt. In both crystalline and glassy phosphates, the core building blocks are (𝑃𝑂4)
−3 tetrahedra 

linked through a covalent bridging oxygen (𝑃 − 𝑂 − 𝑃 𝑙𝑖𝑛𝑘𝑎𝑔𝑒𝑠) to form various phosphate 

anions. These tetrahedra are classified using the 𝑄𝑖 terminology, where " 𝑖 " represents the number 

of bridging oxygens per tetrahedron used initially in the description of aluminophosphate glasses 

[3] [4] as shown in Figure 1.1.  
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Figure 1. 1: Q-site network model for phosphate glasses. [5] [6]. 

The groups with different numbers of bridging oxygens are classified as 𝑄3- group (branching 

group),𝑄2(iintermediate),𝑄1(terminal) and 𝑄0(isolated) group. Each phosphorus-oxygen 

tetrahedral unit contains a maximum number of three bridging oxygens (BO) and a non-bridging 

oxygen (NBO), also called a terminal oxygen (TO). The presence of the terminal oxygen limits 

the number of cross-linkages to 3 in phosphorus glass. The terminal oxygen results from a short 

double-bond formed between phosphorus and oxygen with a significant 𝜋 − 𝑏𝑜𝑛𝑑 nature [6]. The 

𝜋 − 𝑏𝑜𝑛𝑑 is more localized in pure 𝑃2𝑂5 and can be partially delocalized on 𝑃 − 𝑂−  of  NBOs in 

the following order 𝑄3  →  𝑄2 → 𝑄1 → 𝑄0 by the depolymerization of the network. The number 

of cross-links in phosphate glasses is small as compared to those of silicate glasses of same metal 

oxide contents. On the other hand, a large number of terminal oxygen atoms exist. Thus, a high 

degree of flexibility remains for the orientation of the 𝑃𝑂4 group  [7]. The extent of phosphate 
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structural depolymerization by the addition of a modifying oxide can be described either by the 

compositional dependence of the 𝑃𝑂4 tetrahedra distribution or by the compositional dependence 

of the bridging-to-non-bridging oxygen ratio. The pseudo-reaction in Equation 1.1 [5] summarizes 

the depolymerizing effects of the addition of a modifying oxide in term of 𝑄 − 𝑛𝑒𝑡𝑤𝑜𝑟𝑘 in Figure 

1.2. 

2𝑄𝑛 +  𝑅2𝑂 → 2𝑄𝑛−1 (1.1) 

Equation 1.1 can also be used to predict the relative concentration of bridging to non-bridging 

oxygens. A  𝑄3 − 𝑔𝑟𝑜𝑢𝑝 has one terminal oxygen and 3/2 bridging oxygens, while 𝑄2 − 𝑔𝑟𝑜𝑢𝑝 

has two terminal oxygens (considering there is no difference between the TO and NBO) and one 

(2/2) bridging oxygen. Therefore, ultraphosphate binary  (0 ≤ 𝑥 ≤ 0.5) glass (𝑥𝑅2𝑂). (1 −

𝑥)𝑃2𝑂5 dependence on composition is given by Equation 1.2 by assuming that TO on 𝑄3 and NBO 

on 𝑄2 are the same [5].  

𝐵𝑂

𝑁𝐵𝑂
 = 0.5(3 − 4𝑥) (1.2) 

1.2 Classification of Phosphate Glasses 

Phosphate glass networks are classified based on the oxygen-to-phosphorus ratio O/P 

which describes the degree of 𝑃 − 𝑂 − 𝑃 network polymerization or equivalently the linkages of 

neighboring 𝑃𝑂4  tetrahedra through bridging oxygen (BOs). Quantitatively the ratio of O/P 

determines the average number of bridging oxygens per P-tetrahedron and so hence the dominating 

𝑄𝑖 species. The addition of glass modifiers such as alkali or alkaline earth oxides modifies the 

phosphate glass network from ultraphosphate to orthophosphate. These networks of phosphate 

glasses can be classified by the O/P ratios as [5]. 
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Figure 1. 2: Summarization of different pseudo-reactions in term of Q-network model. [6] 
 

1. At 𝑂/𝑃 =  2.5  phosphate glass (𝑣 − 𝑃2𝑂5) structure is a cross-linked network of  𝑄3 

tetrahedra.   

2. For  2.5 ≤  𝑂 𝑃 ≤ 3.0⁄ , we get ultraphosphate network (obtained by the addition of a 

metal oxide, MO) mainly made of 𝑄3 (𝑂 𝑃 = 2.5)⁄  and 𝑄2( 𝑂 𝑃 = 3.0)⁄  units. The 

network structure is partially depolymerized, and some of the bridging oxygens (BOs) in 

𝑃 − 𝑂 − 𝑃 linkages are converted into NBOs in the 𝑃 − 𝑂 − 𝑀 linkage, which results in 

the conversion of 𝑄3 species to 𝑄2 species.[5] [8].  
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3. At 𝑂 𝑃⁄ = 3.0, we get metaphosphate glasses. The glass network here is based entirely on 

𝑄2 tetrahedra that form chains and rings which are linked by more ionic bonds between 

various metal cations and the non-bridging oxygens.  

4. At 𝑂 𝑃⁄ > 3.0 (𝑥 > 0.5), we get polyphosphate glasses characterized by decreasing 𝑄2 

chain length and increasing fraction of 𝑄1 P-tetrahedra. The average chain length becomes 

progressively shorter as the 𝑂 𝑃⁄  ratio increases.  

5. At 𝑂 𝑃⁄ = 3.5, we get the pyrophosphate glass network. It is dominated by phosphate 

dimers, two 𝑄1 tetrahedra linked by a common bridging oxygen. Pyro-phosphate glasses 

based on a variety of low-coordinated (CN < 6) conventional melt techniques can make 

metal oxides, including SnO, ZnO CdO, PbO, and 𝐹𝑒2𝑂3. These latter glasses are 

analogous to silicate " invert glasses" [5].  The standard label of meta and pyrophosphate 

is shown in Figure 1.3. 

 

Figure 1. 3: The label for meta and pyro - phosphate glasses. [6] 

 

6. At 𝑂 𝑃⁄ > 3.5, we get an orthophosphate glass which contains isolated 𝑄0 (𝑃𝑂4
3−) 

tetrahedra. The Transformation of Q-Network from pyro to Orthophosphate is shown in 

Figure 1.4.  
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Figure 1. 4: Network modification of pyro phosphate glass to ortho network by the addition of 

modifier M. [6] 

1.3 Applications of Phosphate Glasses 

Phosphate glasses have been studied and commercialized for a variety of applications 

because of their useful physical properties including controllable chemical durability in aqueous 

environments, high thermal expansion coefficient, and relatively low melting and processing 

temperatures [9] [10]. Properties and applications of phosphate glasses vary dramatically with 

different compositions. This flexibility of phosphate glasses is due to the possibility to add many 

alkali, alkaline earth, transition metals, and rare-earth oxides to modify the structure and thus the 

properties. The outstanding thermal properties of phosphate glasses such as that mention above 

and low softening and transition temperatures and high electrical conductivity make them a 

material of choice for many technological applications as compared to other oxide glasses [11] 

[12] [13]. In addition to these thermal properties, attractive optical properties of rare-earth 

phosphate glasses such as rare-earth stimulated emission cross section, low thermal-optical 

coefficient and high ultraviolet transparency make them good candidate for laser media[11] [14].  

In phosphate glasses, the glass former component is 𝑃2𝑂5. The pure 𝑃2𝑂5 has a melting 

point of 560 ℃, a boiling point of 605 ℃,  a thermal-expansion-coefficient 𝛼 = 13.7 × 10−6 ℃−1 
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and a refractive index of 𝑛𝑒 = 1.493 ( 𝜆 = 546.1 𝑛𝑚) [3]. The UV edge of pure 𝑃2𝑂5 is less than 

150 𝑛𝑚, but absorption of water can shift it towards longer wavelength: 270 𝑛𝑚 for 𝐻𝑃𝑂3 for 

example [3]. 

1.3.1 Chemical Durability 

The chemical durability of phosphate glasses makes them useful in many other applications. 

The chemical durability can be varied from low to high by the additions of network modifying or 

network forming oxides to fit the needs of a particular application. Some applications of low 

chemical durable glasses are: 

•  Hard water treatment in which amorphous 𝑁𝑎𝑃𝑂3 is used as a sequestering agent 

to soften water since it has high solubility in aqueous solution  

• Phosphate glass fertilizers are preferred over conventional mineral fertilizers due 

to their long-lasting action, and also, they are not pollutant [15] [16].  

• Phosphate glasses as biomaterials have numerous applications in the engineering 

of hard and soft tissue essential for the repair and restoration of damaged and 

diseased tissues [17]. In Additions, copper, silver and gallium phosphate glasses 

can be used in antibacterial systems and drug delivery devices [18] [19]. 

On the other hand, phosphate glasses with high chemical durability are employed in applications, 

host matrices for vitrification of nuclear waste, sealing glassed, and fast-ion conductors for battery 

applications  [20].  

1.3.2 Optical Applications 

Phosphate glasses have low optical dispersion and relatively high refractive indices as 

compared to silicate-based optical glasses. Rare-earth phosphate glasses [5] [21] [22] exhibit 
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interesting semiconductor properties, magneto-optical properties and magnetic transition 

properties. Such glasses can be used in applications such as spin glasses or optical isolators and 

optical switches [23] [24] [25] [26]. Alkaline earth phosphate glasses with a wide window of 

optical transmission, including a high transparency for ultraviolet light, make them suitable for 

optical systems [11] [27] [28]. They are used for high power laser applications because certain 

compositions enable large rare-earth cation content and low thermal-optical coefficient as 

compared to silicate glasses [11] [29]. Furthermore, their high tolerance for accommodating rare-

earth ions has led to applications such as sensors, detectors, and receivers for medical and 

communication use [5]. For example, cerium alumino-phosphate glasses with a particular 

concentration of cerium are useful in high radiation conditions. 

1.3.3 Sealing Glasses 

The low glass-transition temperature and the high thermal expansion coefficient of phosphate 

glasses make them the material of choice for glass-metal sealing applications [9] [12] [13]. The 

thermal expansion coefficient for phosphate glasses is of the order of  18 × 10−6 ℃−1. This is 36 

times greater than silicate glasses [13]. Phosphate glasses can also be used in hermetic seals 

between glasses and high expansion metals such as aluminum. Alkali alumino-phosphate glasses 

with glass transition temperature under 400 ℃ have been developed for specially hieratics seals 

because of high thermal expansion coefficients (greater than 150 ×10−7 ℃−1) [13]. Also, the  

sealing can be accomplished below the fusion temperature of metals. For examples, the range of 

their thermal expansion coefficients led to the development of sealing glasses based on 

𝑁𝑎2𝑂/𝐾2𝑂/𝐿𝑖2𝑂 aluminophosphate glass composition [30]. 

Glass structure flexibility, low melting, and working temperature, and good thermal stability 

make phosphate glasses a better matrix for nuclear waste storage as compared to borosilicate 
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glasses for certain types of nuclear wastes. For example, lead-iron phosphate glasses  have 100 -

1000 times' lower dissolution or corrosion rate than borosilicate glasses. Furthermore, they have 

lower working temperature( by approximately 100 − 250 ℃)  and lowers melt viscosities [31]. 

Iron phosphate glasses with Fe/P ratios between 1:3 and 2:3 can be used for the vitrification of 

high-level nuclear waste. It has an excellent chemical durability, which can be equivalent to or 

superior to silicate and borosilicate glasses [32] [33] [34] [35]. The chemical durability of several 

iron phosphate glasses vitrified with several types of simulated high-level nuclear waste meet all 

of the current US Department of Energy (DOE) requirements [32] [36].  

1.4 Vibrational Properties of Phosphate Glasses 

The absence of long-range order or periodicity in glasses has made it difficult to investigate 

the atomic arrangement and molecular interaction of them. However, much of the solid-state 

theory depends on crystalline symmetry, and it is precisely the lack of periodic structure in glasses 

which makes their study interesting. Zachariasen’s [37] random network theory of glasses set 

phenomenological criteria useful in predicting whether a particular oxide is likely to form glasses 

and can be called a network former such as 𝑆𝑖𝑂2, or 𝑃2𝑂5 belong to this group. Cations of glass 

formers are highly charged, have small ionic radii and are tetrahedrally coordinated to oxygen. 

The cations which do obey the Zacharisen’s rules are glass modifiers such as 𝑁𝑎+, 𝐾+ and 𝐶𝑒+.  

These oxides have large ionic radii, and they prefer to be localized in octahedral oxygen 

environments. As mentioned previously,𝑣 − 𝑃2𝑂5 and 𝑐 − 𝑃2𝑂5  structures consist of a 𝑃𝑂4 

tetrahedra bonded with adjacent tetrahedra via bridging oxygens (BOs) forming ring -like 

structures as shown in Figure 1.5. 
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Figure 1. 5: Structure of pure vitreous 𝑷𝟐𝑶𝟓, which consist of distinct double bonds and P-O-P 

linkages. [38] 

The additions of the cations depolymerize the phosphate network and also breaks these rings 

into chains at metaphosphate compositions. These chains are linked together by the interaction 

between the metal cations and the non-bridging oxygens (NBOs) of the glass former as shown 

in Figure 1.6.  

 Infrared and Raman spectroscopy can be used to probe the nature of the bonds between the 

metal cation and its surrounding oxygens. Specifically, the vibrational spectra can distinguish 

those metal cations which exhibit a predominantly covalent interaction with oxygen from those 

metal cations which show mainly ionic interactions with the polyphosphate anionic chains [40] 

[41]. The IR spectroscopy is a useful tool in studying the changes that take place in the glass 

network and is sensitive to short-range ordering and local interaction in the glass [38]. 
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Figure 1. 6: Addition of modifier in phosphate glass results in the conversion of the 3-D network 

to linear chains. This linear chain structure results in cleavage of P-O-P linkages and creates 

NBOs in a glass. [39] 

 

Many researchers [42] have applied IR spectroscopy to explain various structural aspects of 

phosphate glasses. Most of these studies were based on the assignment and shift of IR 

absorption bands. However, a more recent study used deconvolution method [43] for analyzing 

the IR spectra of borate glasses to determine the concentration of borate structural units. This 

deconvolution method has now become very useful in the analyses of IR spectra [39].  

In phosphate glasses, the frequency of the 𝑃 = 𝑂 band is at 1300 − 1190 𝑐𝑚−1. This high 

frequency is related to the stretch vibration of 𝑃 = 𝑂 due to the asymmetry of 𝑃𝑂4 tetrahedra. 

The frequency of 𝑃 = 𝑂 is greatly influenced by the chemical nature of the substitutional group 

on phosphorus and also by the formation of hydrogen bonding [44] [45].  

 

Figure 1. 7: Depolymerization of phosphate network due to presence of water. [5] 
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The absorption of water in to glass structure also depolymerize the phosphate network and 

form 𝑃 − 𝐻 𝑚𝑜𝑑𝑒𝑠(OH group (2400 − 2300 𝑐𝑚−1) )  and weak 𝑃 − 𝑂 − 𝐻  (2700 𝑐𝑚−1) 

as shown in Figure 1.7. 

The sensitivity of  𝑃 = 𝑂 to the formation of hydrogen bonding lower the frequency as 

compared to that of  𝑃2𝑂5. However, this bond is not observed in metaphosphate glasses [46], 

because of indifference between the NBOs and DBOs and the formation of a unified (𝑃𝑂2)
−𝑣𝑒 

terminal group. These groups exhibit symmetric (1140 − 1320 𝑐𝑚−1) and asymmetric 

(1000 − 1170 𝑐𝑚−1) vibrations modes. At lower frequencies, symmetric (1030 −

1170 𝑐𝑚−1) and asymmetric (940 − 1025 𝑐𝑚−1) vibrational modes of (𝑃𝑂3)
2− were 

observed due to the incorporation of more network modifiers in to the glass network. 

One more particular feature of the vibrational spectra of phosphate is the fact that the 

asymmetric (850 − 1060 𝑐𝑚−1) and symmetric (650 − 800 𝑐𝑚−1) stretching vibrations of 

the 𝑃 − 𝑂 − 𝑃 bridges.  The 𝑃 − 𝑂 − 𝑃  asymmetric vibrations had been observed to shift 

towards the lower frequencies with increasing length of the 𝑃 − 𝑂 − 𝑃 chain. The frequency 

shifts resulting from the increase in the 𝑃 − 𝑂 − 𝑃 bond angle can by calculated from Equation 

1.3 [47].  

𝜈𝑠 = 1330 √𝑘 (
1

𝑀𝑝
+ 

1

𝑀𝑂
 (1 + 𝑐𝑜𝑠𝜃)) 

𝜈𝑎𝑠 = 1330 √𝑘 (
1

𝑀𝑝
+ 

1

𝑀𝑂
 (1 − 𝑐𝑜𝑠𝜃)) 

 

(1.3) 

 Normal modes of phosphate chains in metaphosphate composition [48] are shown in Fig 1.8 along 

with bending vibration of phosphate polyhedra and 𝑂 − 𝑃 − 𝑂 bending modes.   
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Figure 1. 8: Different vibrational modes in meta- phosphate chain. [48] 

 

1.5 Optical Properties of Phosphate Glasses 

Optical properties of rare-earth ions are widely made use of in lasers, amplifiers, up-conversion 

devices, scintillators and Faraday rotators. Various radiative and non-radiative transitions of the 

rare-earth ions between the 4f levels extend from the ultraviolet to the infrared region. Therefore, 

the absorption and emission spectroscopy is a useful tool for the characterization of the role of 

rare-earth ions in glasses. The knowledge of the relationships between the host glasses and the 

rare-earth ions is essential to design glasses for specific applications.  

Spectroscopic properties of rare-earth ions are influenced by the host glass composition. Local 

structure and bonding features are characterized by covalency, asymmetry, coordination number 

and the distance to the ligand of the rare-earth sites. Furthermore, long-range effects such as 

rigidity and ionic packing ratio have an influence the spectroscopic properties. Hence, 

spectroscopic properties of the rare-earth ions can be used to investigate the local structure and 
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bonding around them [49] [50]. Incorporation of the rare-earth ions in the glasses structure can 

range from sparse random distribution to the formation of rare-earth pairs or clusters.  

1.5.1 Electronic Structure of Rare-Earth Ions 

The rare-earth ions of interest are the lanthanides, a group of fourteen elements from atomic 

number 57 (lanthanum) to 71 (lutetium), placed in the sixth period of the periodic table and 

characterized by filling of the 4f shell. The neutral atom ground state configuration of a Xenon 

core (1𝑠2 2𝑠22𝑝63𝑠23𝑝63𝑑104𝑠24𝑝64𝑑105𝑠25𝑝6) with two outer electrons 6𝑠2 and varying 

numbers of 4𝑓 electrons. Their oxidation sate is +3, having lost their 6𝑠 electrons and one electron 

from the 4𝑓 shell, leaving the ions 𝐿𝑎3+ through 𝐿𝑢3+ with electronic configuration of the form 

[𝑋𝑒]4𝑓𝑁, with N varying from 0 to 14. 

Optical properties of the rare-earth ions in the visible and near infrared spectral region are 

determined by the 4𝑓 electrons, which are well shielded by the outer 5𝑠 and 5𝑝 electrons [51] [52] 

[53]. As a consequence of this screening, the interaction between the 4𝑓 electrons and the 

surrounding medium is very weak, both with the crystal field of the host and the lattice phonons. 

This result in a narrow spread of the Stark-level structure.  

The energy levels for a given electronic configuration can be determined and labeled using the 

quantum numbers 𝐿, 𝑆, and 𝐽, where 𝐿 is the total orbital angular momentum, 𝑆 is the total spin 

and 𝐽 is the total angular momentum. In Russell-Saunders coupling scheme the value of 𝐿 and 𝑆 

are obtained by combining the 𝑙  and 𝑠  values of all electrons, and 𝐽 is calculated as 𝐿 + 𝑆. The 

different 𝐽 states have separations usually on the order of 103 𝑐𝑚−1. Only the electrons in the 4𝑓 

shell contribute to the calculation. The 𝐿 and 𝑆 values are zero for filled shells. Therefore, all the 

optical transitions take place within the 4𝑓 shell. However, in principle, they are forbidden due to 
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the parity selection rules of the electric dipole transitions. Nevertheless, these transitions, although 

characterized by low probabilities [54], are observed due to the mixing of the 4𝑓𝑁 states with 

empty higher-lying states of opposite parity 4𝑓𝑁−15𝑑 induced by the crystal field [55].  

Table 1.1: Multipole operators and selection rules. 

 

These transitions are called “weakly allowed." Whereas typical upper-state decay times are of the 

order of a few nanosecond in the case of allowed transitions for spontaneous emission. Weakly 

allowed transitions can have upper-state decay times typically between microseconds and 

milliseconds. Such long-lived levels are called metastable states.  The selection rules are 

summarized in Table 1.1 [54].  The crystal field, beside causing the parity mixing also causes a 

splitting of the energy levels due to the Stark effect, typically on the order of 102 𝑐𝑚−1 and are 

shown in Figure 1.9 [54].  

Operator  Selection Rules 

Operator  Parity 𝑆 𝐿 𝐽 Parity 

Electric 

Dipole  

 

𝑃⃗ =  −𝑒 ∑𝑟𝑖⃗⃗ 

𝑖

 

 

Odd 

 

Δ𝑆 = 0 

 

Δ𝐿 = 0,±1 

 

Δ𝐽 = 0, ±1 

 

Opposite 

Magnetic 

Dipole 

 

 

𝑀⃗⃗ = −
𝑒ℏ

2𝑚
 ∑ 𝑙 𝑖 +𝑖

2 𝑠𝑖⃗⃗   

 

Even 

 

Δ𝑆 = 0 

 

L = 0 

 

Δ𝐽 = 0, ±1 

 

Same 

Quadrupole 

 

 

 

𝑄⃗ =
1

2
 ∑(𝑘⃗  . 𝑟𝑖)⃗⃗⃗⃗  𝑟𝑖⃗⃗ 

𝑖

 

 

Even 

 

Δ𝑆 = 0 

 

Δ𝐿 = 0,±1,±2 

 

Δ𝐽 = 0,±1,±2 

 

Same 
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Figure 1. 9: Effect of different terms of the Hamiltonian on the energy splitting. [54] 
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1.5.2 Spectroscopic Investigation of Rare-Earth Ions 

1.5.2.1 Absorption Spectrum  

Optical absorption and fluorescence spectroscopy are important techniques in the study of 

𝑅𝐸3+ doped systems because they allow the determination of natural frequencies of 𝐿𝑛3+ ions. 

The 4𝑓 electronic orbitals in 𝑅𝐸3+ ions are incompletely filled. So, the ions absorb 

electromagnetic radiation in the spectral regions of ultraviolet, visible and the near-infrared [51]. 

The intra–4𝑓𝑛 transitions and, the inter− 4𝑓𝑛 → 4𝑓𝑛−1 5𝑑1 transitions or charge transfer 

transitions occur in these regions.  It is also possible to correlate the positions of these 4𝑓 → 5𝑑 

transitions with the standard (III-II) and (IV-III) reduction potentials for the lanthanides [56] [57].  

Optical properties of 𝑅𝐸3+ ions in a solid matrix are affected by changes in the environment of the 

𝑅𝐸3+ ion and its interaction with ligands. According to the Judd-Ofelt (JO) theory [58] [59] 

intensities of a set of absorption lines for a particular 𝑅𝐸3+ion in any matrix is characterized by 

three intensity parameters Ω𝜆 (𝜆 = 2, 4 𝑎𝑛𝑑 6). These parameters depend on the symmetry of the 

crystal field (CF) at the 𝑅𝐸3+ site and the strength of covalence character of the  𝑅𝑒3+ion-ligand 

bond. Therefore, it is of interest to study the dependence of these intensity parameters on the glass 

composition. From these parameters, several important optical properties such as radiative 

transition probabilities, radiative lifetimes (𝜏𝑅) of the excited states and branching ratios (𝛽) can 

be estimated. 

1.5.2.2 Fluorescence Spectrum 

The fluorescence spectrum can also be analyzed by essentially the same procedure as for 

the absorption spectrum except that the nature of the emission process will yield additional 

information concerning the ground-state multiplets of the ion. Fluorescence involves an optical 
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transition between electronic states which is characteristic to the radiating substance. Depending 

upon the type of fluorescing ion and its environment the radiation lifetime of the excited electronic 

states varies from 10−10 to 10−1 s. In the case of 𝑅𝐸3+ ions, the most striking feature of the 

fluorescent emission is that it occurs in the spectral region where the crystal or glass is non-

absorbing. 𝑅𝐸3+ ions act as great fluorescing centers in a matrix. The fluorescence of an active 

𝑅𝐸3+ ion is influenced by the asymmetry of the surrounding binding forces. The position (𝜆𝑝), 

intensity full width at half maximum of the emission band (Δ𝜆𝑝), and the lifetime (𝜏𝑅)of the 

fluorescing state are affected by the coordination environment. The stimulated emission cross-

section, 𝜎(𝜆𝑝), one of the important parameters which determine laser characteristics of a given 

transition of 𝑅𝐸3+ ion, can be evaluated from the emission studies. The experimental branching 

ratios, 𝛽𝑅, equal to the relative intensities of the emission bands of transitions to the same ground 

level, can also be evaluated from the emission studies. All these parameters are used to compare 

the theoretical branching ratios predicted from the JO theory [58] [59]. For a given 𝑅𝐸3+ion, above 

parameters can be varied over a wide range by changing the composition of the material. 

1.5.2.3 Lifetime of Excited States 

The luminescence lifetime of a given energy level is the time constant describing the decay 

of ions from that level which is exponential in the absence of energy-transfer processes. It is also 

defined as the time needed for an ensemble of ions excited to a certain energy level to decrease to 

the ≈ 0.37 (1/e) of its original number. It is inversely proportional to the probability per unit time 

of the decay of an ion from that level. The inverse of the luminescent lifetime can be written as a 

sum of inverse lifetimes which characterize the different decay paths. These paths can be radiative 

or non-radiative. Radiative decay results in the spontaneous emission of a photon.  In non-radiative 
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decay, the energy is transferred to phonons, i.e., vibrations of the host matrix. The following 

equation relates the various contributions to the luminescence lifetime: 

1

𝜏 ( 𝐽 )
= 𝐴 ( 𝐽 ) + 𝐴𝑛𝑜𝑛−𝑟𝑎𝑑 ( 𝐽 → 𝐽 − 1) (1.4) 

where  𝜏  is the luminescence lifetime of level J and Anon-rad is the decay rate constant of 

multiphonon relaxation from level J to level  𝐽 − 1, related to the energy gap ΔE between 

one energy level and the next lower level by the equation [55] [60] 

𝐴𝑛𝑜𝑛−𝑟𝑎𝑑 = 𝐶 [𝑛(𝑇) + 1]𝑝𝑒−𝛼 Δ𝐸 (1.5) 

where C and α are host-dependent parameters, p is the number of phonons necessary to bridge the 

energy gap, and 𝑛(𝑇) is the Bose-Einstein occupation number for the effective phonon mode at 

the temperature T given by 

𝑛(𝑇) =
1

𝐸𝑥𝑝 [ℎ𝜈𝑐
𝑘𝐵𝑇⁄  − 1]

 (1.6) 

In Equation (1.6), ℎ𝜈𝑐  is the phonon energy described in wavenumbers, 𝜈 which are usually on 

the order of 103 𝑐𝑚−1  in glass materials. Given 𝑝 =  Δ𝐸
ℎ𝜈𝑐⁄  Equation. (1.5) can be rewritten as 

 

𝐴𝑛𝑜𝑛−𝑟𝑎𝑎𝑑 = 𝐶 exp [(
𝑙𝑛(𝑛(𝑇) + 1)

ℎ𝜈𝑐
−  𝛼)𝛥𝐸] (1.7) 

Because  
𝑙𝑛(𝑛(𝑇)+1)

ℎ𝜈̃𝑐
  ( ≈ 10−5 𝑐𝑚) << 𝛼 ( ≈  10−3 𝑐𝑚) [55],  we obtain  

𝐴𝑛𝑜𝑛−𝑟𝑎𝑎𝑑 = 𝐶 exp[(− 𝛼)𝛥𝐸] (1.8) 

1.5.2.4 Energy Transfer Between Ions 

Transitions between energy levels due to absorption, spontaneous and stimulated emission, 

and non-radiative decay, all of which were described above, are single-ion processes. As the 
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dopant concentration increases and the ions get spatially closer to one another, energy transfer 

processes between neighboring ions may occur. These processes are believed to occur mainly due 

to an electric dipole-dipole interaction and are thus proportional to 𝑅−6, where R is the distance 

between two ions. Moreover, they can be either resonant or non-resonant (involving the creation 

or destruction of phonons). Non-radiative transitions are multiphonon and energy transfer 

processes. multiphonon relaxation is affected by the electron-phonon coupling strength and 

phonon energy of the host matrix. Cross-relaxation is an energy transfer process between a given 

type of the rare-earth ions. It plays an important role at higher rare-earth concentration. Its 

probability depends on the distance and multipolar interaction between the rare-earth ions. The 

distance is determined by the distribution of the rare-earth ions in the matrix. The interaction is 

characterized by the so-called micro parameters of energy transfer processes.   

Energy migration occurs when energy is transferred from an excited ion (donor) to a neighboring 

ion initially in its ground state. The first ion relaxes to the ground state and the second is excited. 

This process is called a donor-donor transfer because the newly excited ion can act as a donor ion 

for a subsequent energy-transfer process. This process can eventually result in loss of excitation 

through energy dissipation at an impurity (such as an 𝑂𝐻− group). Moreover, it can enhance the 

probability of occurrence of the following process. 

Energy-transfer upconversion (ETU) is the process in which energy transferred from an excited 

ion (donor) to a neighboring ion which is also excited. The first ion relaxes to the ground state and 

the second is excited to an even higher state. This process is called donor-acceptor transfer. 

Different types of energy-transfer processes described above are depicted in Figure 1.10. 
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Figure 1. 10: Different energy transfer processes between the ions. [50] 

 

1.5.3 Judd-Ofelt (JO) Theory 

The Judd-Ofelt theory [58] [59]can be applied absorption spectrum of a rare-earth-ion-doped 

material to successfully calculate and characterize optical transitions occurring in the rare-earth-

ion-doped material itself. 

According to  Judd-Ofelt theory, the electric dipole line strength 𝑆𝑐𝑎𝑙(𝑐𝑚
2) of the transition 

between the initial state 𝐽 characterized by the quantum numbers (𝑆, 𝐿, 𝐽) and the final state 𝐽′ 

given by the quantum numbers (𝑆′, 𝐿′ ,  𝐽′ ) can be written as [61] 

𝑆𝑐𝑎𝑙( 𝐽 →  𝐽′) =  ∑ Ω𝑡|⟨(𝑆, 𝐿), 𝐽‖𝑈
(𝑡)‖(𝑆′, 𝐿′), 𝐽′⟩|

2

𝑡=2,4,6 

= Ω2[𝑈
(2)]

2
+ Ω4[𝑈

(4)]
2
+ Ω6[𝑈

(6)]
2
 

 

(1.9) 
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Here, Ω𝑡(𝑡 = 2,4,6)(𝑐𝑚2) are the Judd-Ofelt parameters, characteristic of the ion host interaction, 

and 𝑈(𝑡)(𝑡 = 2,4,6) are the doubly reduced matrix elements which depend only on the rare-earth 

ion because they are calculated with Eigenfunctions of the free ion. Since they are independent of 

the host, these values can be obtained from literature [62] [52]. In the standard Judd-Ofelt 

technique, the three Judd-Ofelt parameters Ω2, Ω4 and Ω6 are determined by measuring the 

absorption line strengths for a number of ground-state transitions.  

The measured line strength 𝑆𝑚𝑒𝑎𝑠(𝑐𝑚
2) of the chosen bands can be determined using the 

expression: 

𝑆𝑚𝑒𝑎𝑠( 𝐽 →  𝐽′) =   
3𝑐ℎ (2𝐽 + 1)

8𝜋3𝜆̅ 𝑒2
 [

9𝑛

(𝑛2 + 2)2
] ∫ 𝜎𝑎𝑏𝑠(𝜆) 𝑑𝜆

𝑚𝑎𝑛𝑖𝑓𝑜𝑙𝑑

 

 

(1.10) 

where 𝑒 is the elementary charge, 𝐽  is the angular momentum of the initial state, and 𝑛 is the 

wavelength-dependent refractive index which is determined from Sellmeier’s dispersion equation 

[59]. 

A least-square fit of 𝑆𝑚𝑒𝑎𝑠 to 𝑆𝑐𝑎𝑙𝑐 is used to obtain the values of the three Judd-Ofelt parameters 

Ω𝑡(𝑡 = 2,4,6), which can then be applied to Equation. (1.9) to calculate the line strengths 

corresponding to the transition from the upper manifold states to their corresponding lower-lying 

manifold states. With these line strengths, we can calculate the radiative decay rate constants 

𝐴( 𝐽 →  𝐽′)  of electric dipole transitions between an excited state 𝐽 and lower-lying manifolds 

𝐽′.The total radiative decay rate constant A and radiative lifetime 𝜏𝑟𝑎𝑑 of each excited state 𝐽 and 

the radiative branching ratios 𝛽( 𝐽 →  𝐽′) using the following relationships   
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𝐴( 𝐽 →  𝐽′) =   
64 𝜋4𝑒2

3ℎ(2 𝐽 + 1) 𝜆3
 [
𝑛(𝑛2 + 2)2

9
]  𝑆𝑐𝑎𝑙𝑐( 𝐽 →  𝐽′) (1.11) 

1

𝜏𝑟𝑎𝑑( 𝐽 )
=  𝐴( 𝐽 ) =   ∑𝐴( 𝐽 →  𝐽′)

𝐽′

  (1.12) 

𝛽( 𝐽 →  𝐽′ ) =
𝐴( 𝐽 →  𝐽′ )

∑ 𝐴( 𝐽 →  𝐽′)𝐽′
=  𝐴( 𝐽 →  𝐽′ )𝜏𝑟𝑎𝑑( 𝐽 )   (1.13) 

1.5.3.1 Variations in Judd-Ofelt (JO) Parameters 

According to JO theory, the spontaneous emission probabilities of forced electric dipole 

transitions of rare-earth ions can be calculated from measurements of absorption, refractive index, 

and density of samples. Three intensity parameters (Ω𝑡, 𝑡 = 2,4,6) associated with glass 

composition are used to calculate emission probabilities. The relationship between these 

parameters and the nature of glass host is of particular interest to the development of new optical 

applications. 

Ω2  parameter increases with increasing covalency and asymmetry at the rare-earth sites. The effect 

of covalency on Ω2 decreases, which depends on the energy difference between the 4𝑓 and 5𝑑 

states of the rare-earth ions [49] [63]. The degree of covalency is determined by the nephelauxetic 

ratio (the measure of the covalency between rare-earth ions and surrounding ligand) of 𝑅𝐸3+, 𝑓 →

𝑑 absorption band. Ω2 increases linearly with 𝛽 as the phosphate contents in the glass increases 

[49]. It depends strongly on the ionic radius of modifier cations (of glasses) which in turn 

influences the polarizability of oxygen around 𝑅𝐸3+. It also increases with an increase in the 

valence of the network-forming 𝑀𝑛 cation (in the case of glasses) and slightly increases with the 

number of electrons of 𝑅𝐸3+ ions. On the other hand, Ω4  is affected by the factors causing changes 
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in both  Ω2  and Ω6. The dependency on the covalency of  Ω6 is different than that for Ω2. It is 

more affected by the radial integral between the 4𝑓 and 5𝑑 states of the rare-earth ions. Increasing 

𝜎 − electron donation from the ligand to the rare-earth ions within the 𝜎 −bond, decreases the 

radial integral. Thus Ω6  decreases as the electron density donated from the ligands increases, and 

the Coulomb interaction between the 𝑅𝐸3+ ion and the ligands decreases. 

The variation of these intensity parameters depends on the type of network modifier more than the 

concentration of the network modifier except in the case of  Ω2 of borate glasses. Hence, the 

parameters are not expected to be significantly affected by the concentration of non-bridging 

oxygen. It is also well known that Ω2 is sensitive to local structure in the vicinity of 𝑅𝐸3+ ions. In 

all the glass system (silicate, borate and phosphate) similar variation of Ω4, Ω6with composition 

has been observed [64] [65].  

In phosphate glasses, Ω2 varies systematically with the ionic radii of the network modifier because 

phosphate glasses are composed of phosphate chain and  𝑅𝐸3+ ion sit comfortably into certain 

sites in the chain and become network modifier. This site selectivity of 𝑁𝑑3+ ions in phosphate 

glasses is supported by the observation that the bandwidth of the emission spectrum of 𝑁𝑑3+ in 

phosphate glasses was narrower than that in silicate glasses. Furthermore, the polarizability of 

oxygen ions around 𝑁𝑑3+ ions affects the radiative property and the covalency of the 𝑁𝑑 − 𝑂 

bond. The covalency of the bond also depends on the electron donating power. Since electron 

donating power is affected by the ionic radius of modifier ions in phosphate glasses, the parameter 

Ω2 is related to the ionic radius of the modifier [63].  
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1.5.3.2 Effect of Number of 4f Electrons on JO Parameters 

  Ω2 is independent of the number of 4𝑓 electrons [66],  Ω4 𝑎𝑛𝑑  Ω6decreases 

monotonically, in other words, they are less dependent on the numbers of 4𝑓 electrons. According 

to Dieke diagram, the energy gap between the barycenter of the 4𝑓 orbital and that of the 5𝑑 orbital 

increases with increasing number of 4𝑓 electrons of the rare-earth ions. The variation of the energy 

gaps with the number of the 4𝑓 electrons suggests that, as the number of 4𝑓 electrons of 𝑅𝐸3+ ion 

increases, the degree of admixing between 4𝑓 and 5𝑑 orbitals decreases and accordingly, the 

magnitude of  Ω6 decreases. Moreover, the  Ω6 parameter also relates to the covalency between 

the rare-earth ion and oxygen ion. The Ω6  of 𝑃𝑟3+; 𝑆𝑚3+ 𝑇𝑏3+; 𝐷𝑦3+, 𝐻𝑜3+ and  𝑇𝑚3+ increase 

and that of 𝐸𝑟3+ decreases with the redshifts of the transition. As for 𝑁𝑑3+ because two peaks are 

distinguished mainly in the 4I9/2  4F7/2 and 4S3/2 transition by Stark splitting, the relative intensity 

ratio between these peaks are used to determine the covalency parameter of 𝑁𝑑3+  ion site [64]. 

For 𝑁𝑑3+ ion, the  Ω6 also show the increasing tendency with the red shift of 4I9/2  4F7/2 and 4S3/2  

transition.  

1.6 McCumber Theory / Reciprocity Theorem  

The theory of McCumber [46] generalizes the Einstein relations for broadband transitions, 

which are typical for 𝑅𝑒3+in glassy environments. The theory shows that at any frequency, the 

absorption, spontaneous emission, and stimulated emission spectra are related by very simple 

relations. These relations are obtained in the context of narrow energy widths of the individual 

Stark levels and thermal equilibrium between the impurity ions and the host. The McCumber 

relation is extremely useful in connecting the absorption and emission cross sections, especially in 

predicting spectral shapes of transitions that are experimentally inaccessible. According to the 
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above theory, when a two-sharp level system is considered, the relation between the emission and 

absorption cross-sections between the upper and lower levels is be given by Equation. 1.14 [67] 

𝜎𝑎𝑏𝑠 = 𝜎𝑒𝑚 (1.14) 

where 𝜎𝑎𝑏𝑠 is the absorption cross section and 𝜎𝑒𝑚is the emission cross-section.  

Einstein predicted that a two-level system might have degeneracy in its upper-level as well as 

lower-level, a typical situation with free ions [67]. When the above situation takes place, the ratio 

of the absorption and emission cross-sections is not unity anymore but is the ratio of the degeneracy 

of the upper-level to that of lower-level as shown below. 

𝑑1𝜎𝑎𝑏𝑠 = 𝑑2𝜎𝑒𝑚 (1.15) 

where d1 and d2 are the degeneracies of the lower and upper levels 

 

Figure 1. 11: Representation of optical transitions between two Stark manifolds in a rare-earth 

doped system. [50] 

 

The above theory, called reciprocity theory, is valid only when an impurity is in free space. 

However, the situation is more complicated when we consider a diluted distribution of impurity 

ions in a medium. It is the generalization of the above situation proposed by McCumber [68] called 
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the McCumber theory that can be applied to a laser medium with a dilute distribution of impurities. 

The crystal field splitting removes the degeneracy of the impurity ion forming manifolds with a 

spread of energy levels as shown in Figure 1.11. 

These levels have energies comparable to that of the thermal energy and hence, the population 

distribution of the levels occurs according to Boltzmann distribution. Due to this scenario, the 

emission from the higher level of the upper manifold is weaker than that of the lower level of the 

same manifold. A similar situation applies to absorption as well. The Equation (1.16) and Equation 

(1.17) give the absorption and emission cross sections [69]. 

𝜎𝑎𝑏𝑠 = ∑𝑑𝑖 [
𝐸𝑥𝑝[−

𝐸𝑖
𝑘𝐵𝑇⁄ ]

𝑍𝑙
]

𝑖𝑗

 𝜎𝑖𝑗 𝑑𝑗 (1.16) 

𝜎𝑒𝑚 = ∑𝑑𝑗 [
𝐸𝑥𝑝[−

𝐸𝑗

𝑘𝐵𝑇⁄ ]

𝑍𝑢
]

𝑖𝑗

 𝜎𝑗𝑖  𝑑𝑖 (1.17) 

where Zl and Zu are the partition functions of the lower and upper levels and given by [70] 

𝑍 = ∑𝑑𝑘exp 

𝑘

(− 
𝐸𝑘

𝑘𝐵𝑇⁄ ) (1.18) 

In above equations, Ei and Ej are the energies of the lower and upper levels respectively, k is the 

Boltzmann constant, T is the temperature in Kelvin, d1, and d2 are the degeneracy of the lower and 

upper levels respectively. Furthermore, 𝜎𝑖𝑗(𝜈) and 𝜎𝑗𝑖(𝜈) are the absorption and emission cross-

section of the transition, respectively, between two individual Stark levels with energy 𝐸0𝑖 and 𝐸𝑖𝐽 

belonging to the lower and upper manifold, respectively. The term in the square brackets in 

Equation (1.16) and Equation (1.17) gives the Boltzmann distribution of the population in the 

different levels of d degeneracy. 
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The transition between any two levels of the upper manifold and lower manifold can be considered 

for the derivation and the energy of any transition as shown in Equation (1.19) is given by  [69] 

𝐸𝑗 − 𝐸𝑖 = ℎ𝜈 − 𝐸𝑧𝐿 (1.19) 

where 𝐸𝑍𝐿 is the zero-line energy (energy between the lowest Stark levels of the two manifolds 

under consideration), h is the Planks constant, and v is the frequency of the photon emitted or 

absorbed. Diving Equation. (1.16) by Equation (1.17) and using Equation (1.18), we get [69] 

𝜎𝑒𝑚(𝜈) =  𝜎𝑎𝑏𝑠(𝜈)
𝑍𝑙

𝑍𝑢
 𝑒𝑥𝑝 [

(𝐸𝑍𝐿 − ℎ𝜈)

𝑘𝑇
] (1.20) 

Using Equation. (1.18), Equation. (1.19) and Equation. (1.20) along with Equation. (1.20) [68] 

𝜔 = 2𝜋𝜈 =  
𝐸𝑗 − 𝐸𝑖

ℏ
 (1.21) 

where 𝜔 is the angular frequency of the radiation, and ℏ is reduced Planck's constant. From the 

above discussion, we can derive the McCumber equation given below [68] 

𝜎𝑒𝑚(𝜈) =  𝜎𝑎𝑏𝑠(𝜈)𝑒𝑥𝑝 [
ℏ(𝜇 − 𝜔)

𝑘𝑇
] (1.22) 

Here, ℏ𝜇 is the net free energy to excite one impurity from a lower Stark level to a higher Stark 

level, and where 

𝑒𝑥𝑝 [
ℏ(𝜇)

𝑘𝑇
] =  (

𝑁𝑗

𝑁𝑖
)
𝑒𝑞

 
 

(1.23) 

Equation. (1.21) can also be written out as an equivalent to Equation. (1.24) 

𝜎𝑒𝑚(𝜈) =  𝜎𝑎𝑏𝑠(𝜈)𝑒𝑥𝑝 [
𝜀 − ℎ𝜈

𝑘𝑇
] (1.24) 
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which is the exact McCumber relation for absorption and emission cross sections at any particular 

frequency v. ε which is the temperature dependent excitation energy is calculated using the 

Equation. (1.23) and Equation. (1.24) shown below. 

𝑒𝑥𝑝 [−
𝜀

𝑘𝑇
] =  (

𝑁𝑗

𝑁𝑖
)
𝑒𝑞

 (1.25) 

(
𝑁𝑗

𝑁𝑖
)
𝑒𝑞

= exp (
𝛥𝐸21

𝑘𝑇
)
1 + ∑ exp (− 

𝛿𝐸2𝑗

𝑘𝑇
⁄ )𝑑2

𝑗=2

1 + ∑ exp (− 
𝛿𝐸1𝑗

𝑘𝑇
⁄ )𝑑1

𝑗=2

 

 

(1.26) 

where Δ𝐸21 = 𝐸21 − 𝐸11 is the energy difference between the lowest level of each manifold, and 

𝛿𝐸𝑖𝑗 is the difference of energy between the ith level and the lowest level of the jth manifold as 

shown in Figure 1.11. 

To use the above equation, one needs a detailed knowledge of the complete electronic structure of 

the incorporated RE in a host. An alternate approximate method for calculating the ratio of the 

population of sublevels at thermal equilibrium [71]   

𝑁2

𝑁1
= exp (

−𝛥𝐸21

𝑘𝑇
)
1 − exp (− 

𝛿𝐸1
𝑘𝑇⁄ )1 −  exp (− 

𝑑𝑗𝛿𝐸2

𝑘𝑇
⁄ )

1 − exp (− 
𝛿𝐸2

𝑘𝑇⁄ ) 1 −  exp (− 
𝑑𝑖𝛿𝐸1

𝑘𝑇
⁄ )

 (1.27) 

All the parameters of the above equation were explained before. In this approach, we made two 

approximations were made 

• the sublevels are equally spaced in energy such that Eij = ( j −1)Ei and 

• 𝛿𝐸1 and 𝛿𝐸2 are a low energy and high energy half widths respectively, of the emission 

spectrum or the absorption spectrum measured at room temperature. The number of 

manifolds in one level is 𝐽 + 1/2 [72] 
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These approximations reduce the number of necessary parameters needed for McCumber 

calculation. Hence, the choice of either exact or approximate McCumber theory depends on the 

trade-off between accuracy and the knowledge of energy level splitting in the host. The McCumber 

theory derived here is valid only under certain assumptions, which if violated would result in 

massive distortions of the estimated CS values. The following assumptions are critical in 

calculating the CS values using McCumber theory to obtain reasonable accuracy [71]: 

• The lifetime of the manifold is longer than that of the time taken to achieve thermal 

equilibrium in each manifold. 

• The spectral width of every level is small when compared to thermal distribution, kT.  

The first assumption is satisfied most of the time, but the second assumption needs to be carefully 

verified. The second assumption breaks at temperatures above room temperature, due to the effect 

of broadening phenomena on the transitions. 
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CHAPTER   2 

SCATTERING THEORY 

2.1 Introduction 

Scattering is one several ways in which X-ray interact with matter. In the classical description 

of the scattering event, the electric field of the incident X-rays exerts a force on the electron which 

then accelerates and radiates the scattered wave. Classically, the wavelength of the scattered wave 

is same as that of the incident one. This scattering is called elastic scattering. In quantum 

mechanical treatments, where the incident X-ray photon has a momentum ℏ𝑘⃗  and energy ℏ𝜔, 

energy may be transferred to the electron a way that the scattered photon has a lower frequency 

than the incident one. This inelastic scattering process is called the Compton Effect. However, the 

elastic scattering in X-rays is the primary process that is exploited in the investigation of the 

structure of materials. It can be shown that this description is valid for electrons bound to the atom 

where the energy of the incident beam is far from the absorption edges of the material [1]. The 

momentum transfer of a photon in a scattering event is  

𝑄⃗ =  𝑘′⃗⃗  ⃗ −  𝑘⃗  (2.1) 
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where 𝑘⃗  and 𝑘′⃗⃗  ⃗ are the wavevectors of the incident and scattered wave, respectively. The quantity 

𝑄⃗  is known as the scattering vector/diffraction vector (momentum transfer). The vector 

relationship between 𝑄⃗ , 𝑘⃗    𝑎𝑛𝑑 𝑘′⃗⃗  ⃗ can be displayed pictorially with the help of scattering triangle 

as in figure 2.1 [2].  

 

Figure 2. 1: Scattering triangle for both elastic and inelastic scattering events. [2] 

The scattering triangle also emphasizes that the magnitude and direction of 𝑄⃗  is determined by the 

magnitude and directions of incident and scattered vectors and the angle of 2𝜃 through which the 

X-rays or neutrons is deflected during the scattering process. Generally, 2𝜃 is referred as scattering 

angle. For elastic scattering, (Figure 2.1 a) 𝑘 =  𝑘′,  the magnitude of diffraction vector is given 

by  
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|𝑄⃗ | =  
4𝜋

𝜆
 𝑠𝑖𝑛𝜃 (2.2) 

where 𝜆 is the wavelength of the scattered photon/neutron and 𝜃 =   𝜃/2. In the case of powder 

measurements, the only relevant quantity is the magnitude of the diffraction vector |𝑄⃗ |. Because 

𝑠𝑖𝑛𝜃 ≤ 1, the experimentally accessible range of 𝑄 is limited to less than 4𝜋/𝜆 [3]. 

This chapter discusses the theoretical background of X-ray diffraction by glasses and the relation 

of the theory to the experimentally obtained interference function. The real space correlation can 

be obtained from the Fourier inversion of the interference function and can be used to determine 

structural information, such as bond distance and coordination numbers. Furthermore, a review of 

rare-earth doped phosphate glasses and role of different modifiers in phosphate glasses such as 

aluminum and water is presented.  

2.2 The Scattering Cross-Section 

An important concept in scattering experiment is the scattering cross-section. Imagine an 

experiment in which a monochromatic beam of neutron or X-rays (hereafter generally referred as 

probes) are incident upon a sample containing N atoms. The total scattering cross-section is defined 

as  

𝜎 =  
𝑁𝑠

𝑁 Φ⁄  (2.3) 

Where Φ is the incident probe flux and 𝑁𝑠 is the number of probes scattered per unit time. The 

differential scattering cross-section, which is the quantity measured in a diffraction experiment, is 

given by  

𝑑𝜎

𝑑Ω
= 

𝑁𝑠
′

𝑁 Φ𝑑Ω
 (2.4) 
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where 𝑁𝑠
′ is the number of probes scattered per unit time into the solid angle 𝑑Ω. Figure 2.2 

represent the scattering process and applies to any scattering probe.  

 

Figure 2. 2:  Geometric representation of a diffraction experiment. Note that 𝒅𝒔 =  𝒓𝟐𝒅𝜴 and k 

represents the direction of the incident probe. [4] 

 

2.3 Scattering: General  

The formal derivation of the theory of diffraction by amorphous materials can be attributed 

toVan Hove [5] [4] correlation function, and such a derivation is presented by Wright et al. [6] [7] 

[8] [9] [10]. The following theory is based on the simpler derivation by Urnes [11].  

In a scattering experiment, a scattering probe of wavevector, 𝑘⃗ 𝑖 and energy 𝐸𝑖 is incident on a 

sample and is scattered through an angle 2𝜃, resulting in a scattered wavevector probe of  𝑘⃗ 𝑓 and 

energy 𝐸𝑓, such that each scattering event is characterized by an energy transfer 
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ℏ𝜔 =  𝐸𝑖 − 𝐸𝑓 (2.5) 

and a momentum transfer 

ℏ𝑄⃗ =  ℏ𝑘⃗ 𝑖 −  ℏ𝑘⃗ 𝑓 (2.6) 

Here ℏ𝜔 and ℏ𝑄⃗  is the energy and momentum transferred to the sample, respectively. To 

determine the structure of a sample, only the value of 𝑄⃗  is needed, when scattering is elastic (i.e. 

ℏ𝜔 = 0 ). In this case the, probe wavelength, remains unchanged and the magnitude of |𝑄⃗ | is given 

by Equation 2.7  

|𝑄⃗ | = 𝑄 =  
4𝜋

𝜆
 𝑠𝑖𝑛𝜃 (2.7) 

In reality, a detector at a fixed scattering angle 2𝜃, records both elastic and inelastic contribution. 

The total intensity 𝐼𝑇 of the scattered probe is in fact given by [3] 

𝐼𝑇 = 𝐼𝑐 + 𝐼𝐼𝐶 + 𝐼𝑀𝐶 + 𝐼𝐵𝐺 (2.8) 

where 𝐼𝑐 is the coherent scattering intensity, 𝐼𝐼𝐶 is the incoherent intensity, 𝐼𝑀𝐶  the multiple-

scattering intensity, and 𝐼𝐵𝐺  the background intensity. It can be used to perform the integration 

over 𝜔 at a constant angle. The inelastically scattered probe can be used to gain information about 

the dynamics of the sample.  The information on the structure and lattice dynamics are contained 

in the coherent scattering cross-section (
𝑑𝜎𝑐

𝑑Ω
). The relationship of coherent scattering cross-section 

with the experimentally obtained coherent scattering 𝐼𝑐 is given by the Equation 2.9 

𝐼𝑐 = 𝐴𝑃𝐶 
𝑑𝜎𝑐

𝑑Ω
 (2.9) 

Where A is the absorption factor which depends on the geometry of the sample and nature of 

scattering particles, C is the normalization factor, and P is the electric polarization factor [1]. 
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2.4 Scattering by a Group of Atoms  

 

Figure 2. 3: Scattering of a probe by a sample through and angle 𝟐𝜽. 

Figure 2.3 depicts a situation where there is an atom at P a vector distance 𝑟  away from the arbitrary 

origin O. A detector is placed at some distance𝑅, such that  𝑅 ≫ 𝑟. The phase at 𝑅, of a wave 

scattered at P relative to one scattered at O, is 

Φ = 
2𝜋 (𝑟 𝑐𝑜𝑠𝛼 − 𝑟 𝑐𝑜𝑠𝛽)

𝜆
 (2.10) 

By substituting 𝑟  . 𝑘⃗ 𝑖 = 
2𝜋

𝜆
 𝑟𝑐𝑜𝑠𝛼 and 𝑟  . 𝑘⃗ 𝑓 = 

2𝜋

𝜆
 𝑟𝑐𝑜𝑠𝛽, the phase difference can be expressed 

as 

Φ = 𝑟  . ( 𝑘⃗ 𝑖 − 𝑘⃗ 𝑓) = 𝑟  . 𝑄⃗  (2.11) 

 And the amplitude 𝐴𝑖(𝑄) of the scattered wave from this single atom can be given as  

𝐴𝑖(𝑄) = 𝑎(𝑄)𝐸𝑥𝑝(𝚤 𝑟   . 𝑄⃗  ) (2.12) 
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In Equation 2.8, 𝑎(𝑄) represents X-ray form factor, 𝑓(𝑄). When the scattering takes place from a 

system of N atoms, the amplitudes need to be summed over all the atoms, taking into account the 

relative phases as in Equation 2.13 

𝐴𝑁(𝑄) = ∑ 𝑎𝑛(𝑄)𝐸𝑥𝑝(𝚤 𝑟 𝑛  . 𝑄⃗  

𝑁

𝑛=1

) (2.13) 

The scattering intensity is obtained by multiplying 𝐴𝑁(𝑄) by its complex conjugate [12] 

𝐼𝑁(𝑄) =  𝐴𝑁(𝑄) 𝐴𝑁
∗ (𝑄) = ∑ ∑𝑎𝑝(𝑄)

𝑁

𝑞

𝑎𝑞(𝑄)𝐸𝑥𝑝(𝚤 𝑟 𝑝𝑞  . 𝑄⃗  

𝑁

𝑝=1

) (2.14) 

where 𝑝 and 𝑞 are any two individual atoms regardless of type. It should be noted that the 

summation over p and q are taken over all atoms in the sample and that  𝐼𝑁(𝑄) depends on the 

interatomic distance vector 𝑟 𝑝𝑞 = 𝑟 𝑝  −  𝑟 𝑞and is independent of the arbitrary origin. Equation 

(2.14) is universal for crystal, amorphous solids, liquids, and gases because no assumptions have 

been made about the atomic arrangement in the sample.  

2.5 Scattering by an Isotropic Samples 

A sample described as isotropic has no preferred orientation such that, for any given 

interatomic vector 𝑟 𝑝𝑞, there will be other equivalent vectors in the sample in all possible directions 

with respect to 𝑄⃗ . This allows the vector formalism to be relaxed and Equation (2.14) can be 

rewritten as an average over all directions [12] 

𝐼𝑁(𝑄) =  ∑𝑎𝑝
2(𝑄)̅̅ ̅̅ ̅̅ ̅̅  

𝑝

+ ∑ ∑ 𝑎𝑝(𝑄)𝑎𝑞(𝑄)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

𝑝≠𝑞

 
sin (𝑟𝑝𝑞𝑄)

𝑟𝑝𝑞𝑄
𝑝

 (2.15) 
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Equation 2.15 is known as the Debye equation and can be used to calculate the scattered intensity 

provided that all the interatomic distances be known or can be calculated. In an amorphous 

material, the interatomic vectors are unknown, and it becomes necessary to look at the atomic 

correlation in real space to make sense of the structure.  

2.6 Radial Distribution Function 

The atomic arrangement is related to the radial density function 𝜌(𝑟), which describes how the 

number density fluctuates as a function of radial distance from an atom at an arbitrary origin. It 

should be noted that 𝜌(𝑟) is the average over all atoms in the sample taken as the center. Equation 

(2.16) defines 𝜌(𝑟) for a sample of N atoms 

𝜌(𝑟) =
∑ 𝜌𝑛(𝑟)

𝑁
𝑛

𝑁
 (2.16) 

Where 𝜌𝑛(𝑟) is the radial density distribution around the nth atom. The total correlation function 

is defined as   

𝑡(𝑟) = 4 𝜋 𝑟 𝜌(𝑟) (2.17) 

Moreover, the differential correlation functions 𝜌(𝑟), is obtained by subtracting the average 

density term from 𝑡(𝑟)  

𝑑(𝑟) = 4𝜋 𝑟[𝜌(𝑟) − 𝜌0] (2.18) 

where 𝜌0 is the average number density of the bulk sample. It is useful to recognize that for a 

sample containing m different atom types, 𝑡(𝑟), and hence 𝑑(𝑟), can be represented as the sum of 

𝑚(𝑚+1)

2
  independent component correlations. 
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𝑡(𝑟) =  ∑∑𝑡𝑖𝑗(𝑟) = ∑∑4𝜋𝑟𝜌𝑖𝑗(𝑟)

𝑗𝑖𝑗𝑖

 (2.19) 

Equation (2.19) defines the distribution of atom type 𝑗 about the 𝑖𝑡ℎ atom in one compositional 

unit of the sample. A composition unit contains a number of atoms of each kind in proportion to 

the composition of the sample. It is typical to normalize the number of atoms per compositional 

unit to unity. A diffraction experiment measures a combination of correlations, but the weighting 

given to each correlation depends on the probe being used. It is possible to rewrite Equation (2.15) 

in terms of 𝑡𝑖𝑗(𝑟) as 

𝐼(𝑄) =  ∑𝑎𝑝
2(𝑄)̅̅ ̅̅ ̅̅ ̅̅  

𝑝

+ ∑ ∑ 𝑎𝑝(𝑄)𝑎𝑞(𝑄)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

𝑝≠𝑞

 ∫ 𝑡𝑝𝑞(𝑟)
sin (𝑟𝑝𝑞𝑄)

𝑟𝑝𝑞𝑄

∞

0𝑝

 𝑑𝑟 (2.20) 

where 𝐼(𝑄) is the scattering intensity per compositional unit. The second term on the right-hand 

side of Equation (2.20) can be broken into two further terms, the first involving 𝑑𝑝𝑞(𝑟) and the 

second involving 𝜌0 as in Equation (2.21). 

𝐼(𝑄) =  ∑𝑎𝑝
2(𝑄)̅̅ ̅̅ ̅̅ ̅̅  

𝑝

+ ∑ ∑ 𝑎𝑝(𝑄)𝑎𝑞(𝑄)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

𝑝≠𝑞

 ∫ 𝑑𝑝𝑞(𝑟)
sin (𝑟𝑄)

𝑄

∞

0𝑝

 𝑑𝑟

+ ∫ 4𝜋𝑟𝜌0 [∑𝑎𝑖(𝑄)̅̅ ̅̅ ̅̅ ̅

𝑖

]

2

 
sin (𝑄𝑟)

𝑄
 𝑑𝑟

∞

0

 

(2.21) 

The 3rd term on the right-hand side of Equation (2.21) usually called 𝐼0(𝑄), becomes a 𝛿 −

function at 𝑄 = 0 for a sample of infinite extent. It is assumed that the contribution of the 3rd term 

is condensed into unscattered the primary beam and is, therefore, not recorded. It should be noted 

that 𝐼(𝑄) is equivalent to the measured quantity 𝑑𝜎/𝑑Ω define earlier. 

The part of 𝐼(𝑄) that is of interest is called the interference function  𝑖(𝑄) and is defined as   
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𝑄 𝑖(𝑄) = 𝑄[𝐼(𝑄) − ∑𝑎𝑝
2(𝑄)̅̅ ̅̅ ̅̅ ̅̅  

𝑝

− 𝐼0(𝑄)]

=   ∑ ∑ 𝑎𝑝(𝑄)𝑎𝑞(𝑄)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅  

𝑝≠𝑞

 ∫ 𝑑𝑝𝑞(𝑟) sin (𝑟 𝑄)

∞

0𝑝

 𝑑𝑟 

(2.22) 

From Equation 2.22 it can be seen that 𝑄 𝑖(𝑄) is the weighted sum of the sin Fourier transform of 

𝑑𝑝𝑞(𝑟), with 𝑎𝑝(𝑄)̅̅ ̅̅ ̅̅ ̅̅   and 𝑎𝑞(𝑄)̅̅ ̅̅ ̅̅ ̅̅  being the weighting factor.  

2.7 Experimental Real Space Correlation Function 

It is necessary to use a Fourier transformation to extract the real space correlation function 

from the experimentally obtained interference function. Theoretically, the experimental 

differential correlation function 𝐷(𝑟), is the sine Fourier transform of 𝑄 𝑖(𝑄) with 𝑖(𝑄) = 𝑆(𝑄) −

1. This would be the case if data could be collected from zero up to an infinite extent in 𝑄. In this 

case, it would follow that 𝐷(𝑟) is the sum over all atom pairs of the component differential 

correlation function 𝑑𝑖𝑗(𝑟). Experimentally, data cannot be collected over an infinite extent in 𝑄 

and the relationship between 𝐷(𝑟), and 𝑑𝑖𝑗(𝑟) is not straight forward, and the Fourier transform 

requires the use of modification function 𝑀(𝑄) [13] 

𝐷(𝑄) =
2

𝜋
∫ 𝑄 𝑖(𝑄)𝑀(𝑄) sin(𝑄𝑟)𝑑𝑄

∞

0

 (2.23) 

The form of 𝑀(𝑄) is discussed later, but it is important to note that 𝑀(𝑄) = 0 for 𝑄 >  𝑄𝑚𝑎𝑥. The 

total experimental correlation function 𝑇(𝑟), can be developed from 𝐷(𝑟) with the addition of the 

so-called average density term 𝑇0(𝑟), which is the Fourier transform of 𝑄𝐼0(𝑄) 

𝑇(𝑟) = 𝐷(𝑟) + 𝑇0(𝑟) =  ∑∑𝑡𝑖𝑗
∗ (𝑟)

𝑗𝑖

 (2.24) 
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The asterisk (∗) in Equation 2.24 is used to identify a component that is probe dependent. Equation 

2.24 defines 𝑇(𝑟) as being a sum of  𝑡𝑖𝑗
∗ (𝑟), which is not the same as 𝑡𝑖𝑗(𝑟) defined in Equation 

2.19. However, convolution relates these two functions as shown in Equation 2.25   

𝑡𝑖𝑗
∗ (𝑟) =  ∫ 𝑡𝑖𝑗(𝑟

′)[ 𝑃𝑖𝑗(𝑟 − 𝑟′) − 𝑃𝑖𝑗(𝑟 + 𝑟′)]𝑑𝑟′

∞

0

 (2.25) 

 

Figure 2. 4: Different representation of the X-ray PDF for 𝐺𝑒𝑆𝑒2 glass;  𝐺(𝑟) oscillating about 

unity at high-r and zero at low-r , 𝑇(𝑟) oscillating about zero at low-r and 4𝜋𝜌𝑟 at high-r , 𝐷(𝑟) 

oscillating about −4𝜋𝜌𝑟 at low-r and zero at high-r , 𝑁(𝑟) oscillating about zero at low-r and 

4𝜋𝜌𝑟2 at high-r. [16] 

 

There are many different formalisms for the total structure factor 𝑆𝑋(𝑄). These have been 

summarized by Keen [14]. Other commonly used real space representation [15] include the total 
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pair distribution function 𝑇𝑥(𝑟), which is useful for peak fitting for glassy spectra. The differential 

pair distribution function, 𝐷(𝑟), which removes the bulk density emphasizes the longer r 

correlation, and also the radial distribution function 𝑁𝑋(𝑟) has a direct physical interpretation as 

the number of atoms that are present within range 𝑟 and 𝑟 + 𝑑𝑟. All these different representations 

of X-ray pair distribution function are shown in Figure 2.4 for 𝑎 𝐺𝑒𝑆𝑒2 glass [16]. 

2.8 Application to X-ray Diffraction  

The quantity that defines the strength of X-ray scattering is the atomic form factor or scattering 

factor 𝑓(𝑄). 𝑓(𝑄) exhibits resonance behavior for energies near an absorption edge. This is due 

to anomalous dispersion, which not only affects the magnitude of the collision photon but also 

imparts a phase shift, described by a complex component of 𝑓(𝑄). X-ray diffraction experiments 

tend to be conducted at energies sufficiently away from the absorption edges, and the contribution 

of a complex component of 𝑓(𝑄) becomes very small.  In X-ray diffraction, the scattering process 

is between the interacting X-rays and the electrons in the atom. The absorption of the incident X-

ray photon result in excitation of the electronic system followed immediately by the relaxation and 

re-emission of an X-ray photon. Since the atomic diameter is comparable to the X-ray wavelength, 

it is necessary to consider intra-atomic interference effects, which account for the Q dependence 

of atomic form factor. The form of 𝑓(𝑄) for most elements have been calculated and modeled as 

the sum of four Gaussians plus a constant. The atomic scattering factors can be reconstructed using 

the nine parameters in equation 2.26 

𝑓(𝑄) =  ∑𝑎𝑖𝑒
−𝑏𝑖𝑠

2
+ 𝑐

4

𝑖=1

 (2.26) 
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where 𝑎𝑖,  𝑏𝑖 and 𝑐  are tabulated (see the International Tables of Crystallography and 𝑠 = 𝑄/4𝜋. 

Where possible the parameters for ionic species were used rather than neutral atoms because 

electrons involved in bonding are shifted away from their parent atom effectively creating ionic 

states and the atoms can no longer be described as isolated. The X-ray differential scattering cross-

section can then be defined as per Equation 2.21, with the atomic scattering factors assuming the 

role of 𝑎(𝑄) 

𝑑𝜎

𝑑Ω
= 𝐼(𝑄) = 𝑖(𝑄) + 𝑓2(𝑄)̅̅ ̅̅ ̅̅ ̅̅  (2.27) 

Since the scattering is due to the electron cloud around each atom, the direct sine Fourier transform 

of the X-ray 𝑖(𝑄) (as in Equation 2.23) yields the electronic correlation function. This suffers from 

poor real space resolution because the electron clouds have a significant size compared to the X-

ray wavelength. It is convenient to divide the X-ray 𝑖(𝑄) by the averaging scattering factor per 

atom squared, 𝑓𝑒
2(𝑄), sometimes referred to as the sharping function. This has the effect of 

collapsing the scattering to that expected of a point scatterer, with 𝑓𝑒(𝑄) having the form  

𝑓𝑒(𝑄) =  ∑𝑐𝑖𝑓𝑖(𝑄)

𝑖

 (2.28) 

where 𝑐𝑖 and 𝑓𝑖(𝑄) are the concentration and scattering factor of the ith atom type in the sample 

respectively. This modification means that the X-ray total correlation functions, 𝑇𝑋(𝑟) has a form  

𝑇𝑋(𝑟) = 2 𝜋2𝜌0𝑟 + ∫
𝑄𝑖(𝑄)

𝑓𝑒2(𝑄)
  𝑀(𝑄)𝑆𝑖𝑛(𝑟 𝑄)𝑑𝑄

∞

𝑜

 (2.29) 

𝑇𝑋(𝑟) has units of  Å2 and has been multiplied by a factor of 𝜋/2, as compared to neutron 

correlation function. The X-ray component peak function 𝑃𝑖𝑗
𝑋(𝑟), become complicated by the Q-
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dependence of form factors, and for data normalized to sharping function is define by Equation 

2.30. 

𝑃𝑖𝑗
𝑋(𝑟) =

1

𝜋
∫

𝑓𝑖(𝑄)𝑓𝑗(𝑄)

𝑓𝑒2(𝑄)
 𝑀(𝑄)𝐶𝑜𝑠 (𝑟 𝑄)𝑑𝑄

∞

0

 (2.30) 

Because 𝑓(𝑄) is different for each type of atom, 𝑃𝑖𝑗
𝑋(𝑟) is different for each 𝑖𝑗 atomic pair. 

2.9 The Modification Function 

The termination of pair distribution function (PDF) at 𝑄𝑚𝑎𝑥 is equivalent to multiplication by 

a modification function 𝑀(𝑄). The effect of 𝑀(𝑄) can be investigated by looking more closely at 

𝑃𝑖𝑗
𝑋(𝑟). The termination at 𝑄𝑚𝑎𝑥 causes two errors in PDF. The first a loss of resolution, and 

second, the introduction of spurious ripples of wavelength 𝑄𝑚𝑎𝑥.   

 
 Figure 2. 5: Variation of 𝑷𝒊𝒋

𝑿(𝒓) using Step function (bottom), Hanning (Middle) and Lorch 

(Top) modification functions. 
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If a sharp truncation is used  (𝑖. 𝑒. 𝑀(𝑄) = 1 )  over the extent of measured 𝑄, hereafter 

referred to as Step modification function then 𝑃𝑖𝑗
𝑋(𝑟) exhibits pronounced termination ripples on 

either side of the central maximum [17] (see Figure 2.5). These features can be misinterpreted as 

being real and can lead to false results. It is possible to reduce the termination ripples by using a 

different form of  𝑀(𝑄) to damp high Q oscillations. Many variations of  𝑀(𝑄) have been 

formulated [18], but two are of particular interest here.  

 

Figure 2. 6: Graphical representation of 𝑴(𝑸) over the range of 𝟎 ≤ 𝑸 ≤ 𝟐𝟎  Å−𝟏, Hanning 

(Blue) and Loch (Red) and Step function (Green). 

 

The first is the modification function proposed by Lorch (91). 

𝑀(𝑄) =  {
𝑆𝑖𝑛(∆𝑟 𝑄)

∆𝑟 𝑄
     𝑖𝑓  𝑄 ≤  𝑄𝑚𝑎𝑥

0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (2.31) 
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The second is the raised cosine Hanning function  

𝑀(𝑄) =  {1 + cos (
𝑄∆𝑟

2
)     𝑖𝑓  𝑄 ≤  𝑄𝑚𝑎𝑥

0    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (2.32) 

 

In Equations 2.31 and 2.32, ∆𝑟 defines the experimental real space resolution and is equal to 

𝜋/𝑄𝑚𝑎𝑥. The different forms of 𝑀(𝑄) are highlighted in Figure 2.6. 
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CHAPTER 3 

EXPERIMENTAL SETUP 

This chapter deals with the experimental techniques of glass preparation, measuring thermal 

and physical properties, High Energy X-ray diffraction (HEXRD) data, and absorption, 

photoluminescence, and FTIR spectra for rare earth-doped sodium phosphate glasses. All these 

techniques are useful to understand the atomic-level structure of these glasses and the influence of 

that on the thermal, vibrational, and optical properties. Moreover, the optical response of the rare-

earth ion in any host can be understood from knowledge of energies, and intensities of the 

transitions involved. In the present work, we have systematically studied the influence of g 𝑁𝑎2𝑂 

and 𝑅𝑒2𝑂3 concentrations on the structural and spectroscopic properties of phosphate glasses. One 

objective of the study was to find the  𝑁𝑎2𝑂 concentration that yield the highest 𝑇𝑔 which would 

be useful for waveguide fabrication and other applications. We have also attempted to study how 

the 𝑅𝑒2𝑂3 (𝑅𝑒 = 𝑃𝑟,𝑁𝑑, 𝐸𝑟) concentration influence concentration quenching, fluorescence 

bandwidth (∆𝜆𝑒), fluorescence lifetime (𝜏𝑓) and quantum efficiency of 𝑅𝑒3+.  Furthermore, an 

analysis of fluorescence and infrared spectra is expected to provide valuable information on the 

modifications in the local structural units. Such information is crucial for developing practical 

applications for these glasses. 
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3.1 Glass Preparation  

There are a wide variety of techniques for the synthesis of glasses such as melt-quenching, sol-gel, 

chemical vapor deposition, sputtering, glow discharge, etc. Out of these, the melt-quenching  

technique and sol-gel processing are most popular, being relatively easy to prepare laboratory scale 

samples [1].  

3.1.1 Melt-Quenching Technique 

In this process, a stoichiometric batch (the mixture of raw materials) is melted at a temperature 

range  1100 − 1600 ℃ for a certain duration depending on the melting point of its components 

and the viscosity of the melt. After casting, the glass is properly annealed near the glass transition 

temperature to remove residual thermal stresses. A schematic representation of glass preparation 

by the melt-quenching technique is depicted in Figure 3.1. The batch is prepared by proper 

selection of raw materials followed by chemical calculations, weighing and mixing. The 

homogenization of the glass melts is ensured by occasional stirring of the molten mass by a 

platinum, alumina, or silica glass rod. Glass melting crucibles may be fused silica (𝑆𝑖𝑂2), alumina 

(𝐴𝑙2𝑂3), pure platinum (𝑃𝑡) or oxide dispensed strengthened (ODS) platinum. Even though pure 

platinum (𝑃𝑡) or ODS platinum crucibles yield samples with minimum contamination, they are 

very expensive. We used alumina crucibles.  

3.1.2 Rare-Earth-Doped Sodium Phosphate Glasses 

Samples of nominal composition 𝑥𝑅𝐸2 𝑂3 − 𝑦𝑁𝑎2𝑂 − (1 − 𝑥 − 𝑦) 𝑃2𝑂5 prepared at the 

Physics & Astrophysics Department, University of North Dakota. Glasses were prepared using 

mixtures of 𝑃2𝑂5 , 𝑁𝑎𝐻𝐶𝑂3 and high purity (99.999 %  𝑅𝐸2𝑂3 ( 𝑅𝐸 = 𝑃𝑟,𝑁𝑑, 𝐸𝑟) with 

0.005 ≤ 𝑥 ≤ 0.05  (𝑥 = 𝑚𝑜𝑙𝑎𝑟 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛), and 𝑥 + 𝑦 = 0.4. 



64 

 

  

Figure 3. 1: Schematic illustration of different steps of glass preparation by the melt-quenching 

technique. [1] 

By the addition of 𝑁𝑎2𝑂, we can prepare phosphate glasses with very low- rare-earth 

concentration without the risk of increasing the hygroscopic nature of glasses. Furthermore, the 

addition of 𝑁𝑎2𝑂  also provides suitability for the fabrication of optical waveguide devices by ion-
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exchange and also improves the rare-earth solubility, leading to the possibility of using a high 

concentration of dopants, which is crucial in the design of high-efficiency short length fiber 

amplifiers [2] [3]. The batch was mixed and melted in an open crucible at 1300 ℃ for 1 ℎ𝑜𝑢𝑟 in 

a high-temperature furnace. The melt was quenched in air by pouring into 1 𝑐𝑚 ×1 𝑐𝑚 ×5 𝑐𝑚 

steel mold. Quenched samples were transferred to an annealing furnace as soon as it solidified, 

and annealed at 300 ℃ for approximately 90 𝑚𝑖𝑛𝑢𝑡𝑒𝑠 as shown in Figure 3.2. As final prepared 

glasses are similar to those shown in Figure 3.3.  

The composition of the rare-earth doped sodium phosphate glass samples was analyzed using both 

Energy Dispersive X-ray Analysis (EDAX) and normalization method proposed by Mehdi Ali et 

al [4]. Figure 3.4 gives the composition of the glasses on ternary plot. 

 

Figure 3. 2: (a) Batched amount of 𝑃2𝑂5, 𝑁𝑎2𝐶𝑂3 and 𝑅𝐸2𝑂3 were mixed (b) Melt at 1300 ℃ 

for 1 hour (c) Melt were quenched in air and transferred to an annealing furnace at 300 ℃ for 

90 minutes. 
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Figure 3. 3: Pr(green), Nd(purple) and Er (pink) doped sodium phosphate glasses. 

 

 

Figure 3. 4: Ternary plot representing the composition of the rare-earth doped sodium 

phosphate glasses investigated. 
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3.2 Data collection  

3.2.1 Density Measurements 

Densities of samples at room temperature using the Archimedes principle with Kerosene as the 

immersion liquid [5]. The number density, density and molar volume of these glasses are shown 

in Table 3.1 

3.2.2 Molar Volume Calculations 

The molar volume of the glass samples can be calculated from the following expression (97) 

𝑉𝑚 =
𝑀

𝜌
=  

∑𝑛𝑖𝑀𝑖

𝜌
 (3.1) 

where 𝑀𝑖 is the molecular weight for component 𝑖, 𝑛𝑖 is the molar fraction of the 𝑖𝑡ℎ component,  

𝜌 is the sample density in 𝑔/𝑐𝑚3, and M is the molecular weight of the sample.   

3.3 High Energy X-Ray Diffraction (HEXRD) 

The X-ray diffraction experiments were performed at beamline 11 𝐼𝐷𝐶 at the Advance Photon 

Source (APS) at Argonne National Lab (ANL) Illinois. The incident photon energy was 

114.80 𝑘𝑒𝑉( 𝜆 = 0.010783 𝑛𝑚). Powder samples were loaded into thin-walled polyimide 

capillary tubes (𝐷 =  1.3716 𝑚𝑚) and placed in a X-ray beam of cross-section 0.5 ×0.5 𝑚𝑚2 

and 1011 𝑝ℎ𝑜𝑡𝑜𝑛𝑠/𝑠𝑒𝑐 flux. The scattered intensities were measured using an amorphous silicon 

detector (𝑃𝑒𝑟𝑘𝑖𝑛 𝐸𝑙𝑚𝑒𝑟 − 𝑋𝑅𝐷 1621). Data for each sample was acquired in 10 sets for 30 

seconds. Each sample was measured at two sample -detector distance, 380 mm (2𝜃 = 0.01° −

42.2°, 𝑃𝑜𝑙𝑎𝑟𝑖𝑧𝑎𝑡𝑖𝑜𝑛 = 0.99) and 420 mm. Data sets were also measured for the empty tube and 

dark current. For instrumental calibration, a reference  𝐶𝑒𝑂2  sample was also measured. usable 

dynamic range after the data reduction was 𝑄 ≈ 0.05 −  29 Å−1, yielding a real space resolution. 
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Table 3. 1: Density and Number Density of (𝑹𝑬𝟐𝑶𝟑)𝒙(𝑵𝒂𝟐𝑶)𝒚(𝑷𝟐𝑶𝟓)𝟏−𝒙−𝒚 , 𝑹𝑬 = 𝑷𝒓,𝑵𝒅, 𝑬𝒓 

glasses 

ID Composition (molar fraction) Density 

 𝑅𝐸2𝑂3(𝑥) 𝑁𝑎2𝑂 (𝑦) 𝜌(
𝑔

𝑐𝑚3
) 𝜌0(

𝐴𝑡𝑜𝑚𝑠

Å3
) 

Pr0.005 0.005 0.395 2.545 0.074513 

Pr0.01 0.01 0.39 2.578 0.074704 

Pr0.02 0.02 0.38 2.628 0.074658 

Pr0.03 0.03 0.37 2.716 0.075700 

Pr0.04 0.04 0.36 2.730 0.074663 

Pr0.05 0.05 0.35 2.794 0.075046 

Nd0.01 0.01 0.39 2.697 0.078110 

Nd0.02 0.02 0.38 2.623 0.074429 

Nd0.03 0.03 0.37 2.673 0.074365 

Nd0.04 0.04 0.36 2.732 0.074554 

Nd0.05 0.05 0.35 2.796 0.074891 

Er0.005 0.005 0.395 2.661 0.077734 

Er0.01 0.01 0.39 2.725 0.078596 

Er0.02 0.02 0.38 2.774 0.078098 

Er0.03 0.03 0.37 2.820 0.077545 

Er0.04 0.04 0.36 2.902 0.078015 

Er0.05 0.05 0.35 2.905 0.076386 
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∆𝑟 = 0.21 Å where Δ𝑟 ≈ 2𝜋/𝑄𝑚𝑎𝑥. A sketch of HEXRD setup is shown in Figure 3.5, and the 

flowchart of HEXRD data analysis is provided in figure 3.6. 

 

Figure 3. 5: Sketch of HEXRD setup at APS, Argonne National Lab.  

3.4 Differential Thermal Analysis (DTA)  

The thermal analysis is usually carried out using a group of techniques in which a physical 

sample property is measured as a function of temperature, while the sample is subjected to 

predefined heating or cooling rates. In DTA, the temperature difference between a sample and an 

inert reference material is measured under same heat treatment.  If the sample undergoes a 

chemical or phase change, a temperature difference ∆𝑇 =  𝑇𝑆𝑎𝑚𝑝𝑙𝑒 − 𝑇𝑅𝑒𝑓𝑒𝑟𝑒𝑛𝑐𝑒, will be observed 

between the sample and the reference.  
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Figure 3. 6: Flow chart of HEXRD data analysis. 
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Figure 3. 7: Differential thermal analysis (DTA) Setup for glass transition measurement. 

 

Differential Thermal Analysis (DTA) measurements were done using Perkin-Elmer DTA 7 setup. 

All measurements were performed at a heating rate of  10 ℃ /𝑚𝑖𝑛 using platinum holders. About 

30mg of glass powder was heated in a alumina crucibles in air from  150 ℃ to  800 ℃.  

 

Figure 3. 8: DTA data of powder glass in air at 10 ℃/𝑚𝑖𝑛. 
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All the samples were preheated in the DTA above the glass transition temperature 𝑇𝑔 then cooled 

at the constant rate of −10 ℃/𝑚𝑖𝑛 to eliminate the fictive temperature effects before re-heating 

at the same rate to record 𝑇𝑔. The schematic of DTA setup is shown in Figure 3.7.  

Several parameters relevant to glass stability on heating are obtained from DTA or DSC 

(Differential Scanning Calorimetry) experiments, which provide characteristic temperature, 

including the glass transition temperature 𝑇𝑔, the crystallization onset temperature 𝑇𝑥
ℎ, and the 

crystallization peak temperature of heating 𝑇𝑐
ℎ [7]. The melting point 𝑇𝑚, solidus temperature 𝑇𝑆 

and liquid temperature 𝑇𝐿 of a composition are also important characteristic temperatures. From 

DSC/DTA data, the 𝑇𝑆 and 𝑇𝐿 can be determined for some glasses by the beginning (onset) and 

the end (offset) of the melting endotherms. The characteristic DTA curve is shown in Figure 3.8 

[8]. 

3.5 Fourier Transform Infrared Spectroscopy (FTIR) 

Glass structure was characterized by Fourier Transform Infrared (FTIR) spectroscopy. FTIR 

spectra of glasses were recorded with a Thermo-Nicolet (Nexus 879) FTIR spectrometer in the 

wavenumber range from 400 − 1400 𝑐𝑚−1 and from 400 − 4000 𝑐𝑚−1. The measurements 

were made on glass powder by mixing and grinding a small quantity of glass powder with 

spectroscopic grade dry 𝐾𝐵𝑟 powder. The mixture were then compressed to form thin pellets for 

testing. All the measurements were done at 2 𝑐𝑚−1 resolutions. The layout of FTIR setup is shown 

in Figure 3.9 [9]. 
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Figure 3. 9: Layout and beam path of Nexus 870 FTIR spectrometer.  

 

3.6 FT-Raman Spectroscopy  

For Raman measurements, fine glass powder was examined using Fourier Transform Raman 

(FT-Raman) spectrometer (Model Nexus 760) equipped with a 2W 𝑁𝑑: 𝑌𝐴𝐺 laser (1064 𝑛𝑚) and 

near-infrared (NIR) interferometer coupled to either a liquid nitrogen cooled Germanium (Ge) or 

Indium Gallium Arsenide (InGaAs) detectors at room temperature. An interferometer converts the 

Raman signal into an interferogram, permitting the detector to collect the entire Raman spectrum 

simultaneously. Application of the Fourier Transform algorithm to the interferogram converts the 

results into a conventional Raman spectrum. FT-Raman is the best choice in situations where 

samples fluoresce or are likely to contain minor impurities that may fluoresce. The room 

temperature FT-Raman spectrum was recorded using InGaAs detector with a resolution of 2 𝑐𝑚−1. 
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All samples were ground into fine powder and placed in NMR sample tubes. The Raman spectra 

are usually presented by the Stoke shift, whereas anti-Stoke shifted spectras were omitted.  The 

layout of FT-Raman spectrometer is shown in Figure 3.10.  

 

Figure 3. 10: FT-Raman spectrometer layout and beam path. [9] 

 

3.7 Optical Measurements 

3.7.1 Absorption Spectra 

The absorption spectra were measured on a Perkin Elmer Lambda 1050 UV/VIS spectrometer 

at the Department of Chemistry at the University of North Dakota. All the glass samples were cut 

and polished into a thin disk of thickness ≈ 4 − 6 𝑚𝑚.The recorded absorption data was collected 

in the range from 400 − 1100 𝑛𝑚 at a resolution of 3𝑛𝑚, and all the transitions were assigned 

using the Dieke diagram [10]. The oscillator strengths Ω𝑘(𝑘 = 2,4,6) were calculated using JO 

theory. The Schematic diagram of JO program is shown in Figure 3.11. 
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Figure 3. 11: Schematic diagram of JO analysis. 

 

3.7.2 Lifetime Measurements 

Luminescence decay measurements were performed at the University of South Dakota (USD) 

for 𝐸𝑟3+ and 𝑁𝑑3+doped sodium phosphate glasses. Erbium doped samples were excited with 522 

nm laser, which excites  𝐸𝑟3+ ions to state 4S3/2 level.  The luminescence decay of  𝐸𝑟3+ ions 

from 4I13/2  4I15/2 transition at 1530 nm was observed. 𝑁𝑑3+ doped samples were excited with 

a 532 nm laser, which excites  𝑁𝑑3+ ions to state 4G7/2 level.  The luminescence decay of  𝑁𝑑3+ 

ions from4F3/2  4I11/2 transition at 1064 nm was observed. Decay curves were obtained using a 

digital oscilloscope. The experimental setup for the lifetime measurements is shown in Figure 

3.12.  
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3.7.3 Emission Measurements 

Emission measurements were recorded in visible and NIR region at room temperature. The 

NIR spectra were recorded on FTIR spectrometer (model Nexus 870 FT-IR, Nicolet) using 

𝑁𝑑: 𝑌𝐴𝐺 laser with a wavelength of 1064 𝑛𝑚 at University of North Dakota, UND. All the 

measurements were recorded with a resolution of 2 𝑐𝑚−1.  

The emission measurements were recorded at USD at 532 nm wavelength for excitation laser and 

monitoring the emission of  4I13/2  4I15/2  transition for Erbium samples and from4F3/2  4I11/2 

transition for Nd samples. Luminescence signal was acquired using time-resolved photon counting 

by feeding the pre-amplified output of photomultiplier to a multichannel scaler (Stanford Research 

System SR 430). 

 

Figure 3. 12: Experimental setup for fluorescence lifetime measurement (Schematically) 
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CHAPTER 4 

RESULTS AND DISCUSSION 

4.1 Results 

4.1.1 Density Measurements 

The density of the samples was measured using Archimedes method at room temperature.  The 

density of the glasses increases linearly with the rare-earth concentration as shown in Figure 4.1.   

 

Figure 4. 1: Dependence of the density of Pr, Er and Nd doped sodium phosphate glasses on 

𝑅𝐸2𝑂3 concentration with error bars at  ± 0.03 𝑔/𝑐𝑚3.
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The molar volume 𝑉𝑚 of the glass, which tells us about the changes in structural unit increases 

linearly with increasing the rare-earth concentration as shown in Figure 4.2. 

 

Figure 4. 2: Dependence of the molar volume of Pr, Er and Nd doped sodium phosphate glasses 

on 𝑅𝐸2𝑂3 concentration. 

4.1.2 Thermal Properties 

The glass transition temperatures  (𝑇𝑔), were determined by the differential thermal 

analysis (DTA) at a heating rate of 10 ℃/𝑚𝑖𝑛.These temperatures were reproducible to ± 5 ℃ .  

Data acquisition and processing was done with Perkin-Elmer’s Pyris software. From DTA data, 

one can calculate onset temperature and glass transition temperature.   DTA data and measured 𝑇𝑔 

for erbium x = 0.01 is shown in Figure 4.3, 4.4 and Figure 4.5.  

The glass transition temperature increases with increasing the 𝑅𝐸2𝑂3 (𝑅𝐸 = 𝑃𝑟, 𝐸𝑟) 

concentration as shown in Figure 4.6.  
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Figure 4. 3: DTA curve for erbium (x =0.01) doped sodium phosphate glasses. 

 

 

Figure 4. 4: DTA curve for erbium doped samples. The dotted line represents the glass transition 

temperature of these samples. 
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Figure 4. 5:  DTA curve for praseodymium doped samples. The dotted line represents the glass 

transition temperature of these samples. 

 

Figure 4. 6: DTA measurements of glass transition temperatures of praseodymium and erbium 

doped sodium phosphate glasses. 
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4.1.3 Vibrational Properties 

IR spectroscopy is a power tool to probe the short and intermediate-range in glasses. FTIR spectra 

were recorded with a Thermo Nicolet (Nexus 870) FTIR spectrometer in the wavenumber range 

400 − 1400 𝑐𝑚−1and from 400 − 4000 𝑐𝑚−1. Figures (4.7- 4.9) shows the spectra in the 

frequency range of 400 − 1400 𝑐𝑚−1. 

 

Figure 4. 7: IR transmission and absorbance spectra of Pr doped sodium phosphate glasses. 

Dotted lines represent the assignment of vibrational bands. 
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Figure 4. 8: IR transmission and absorbance spectra of Nd doped sodium phosphate glasses. 

Dotted lines represent the assignment of vibrational bands. 
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Figure 4. 9 : IR transmittance and absorbance spectra of Er doped sodium phosphate glasses. 

The dotted line represents the vibration band assignments per ref. [1] 
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Figure 4. 10: IR spectra indicating the presence of water in glass samples from 400-4000 𝑐𝑚−1 

(a) Absorbance spectra from 2400-3600 𝑐𝑚−1 from the presence of OH group (b) IR spectra of 

erbium doped sodium phosphate glasses. 



87 

 

The frequency of P = O (1350 𝑐𝑚−1) is affected by the presence of water (which is probably 

absorbed during the preparation of pellets for IR measurement) as in Figures 4.10. 

4.1.3.1 Assignment of Vibrational Bands After Calculations  

 Structural parameters calculated   with and without water are shown in Figure 4.11. 

 

 

 

(a) 

Figure 4.11 (a): Structural calculation of glass samples without water 
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Figure 4. 11: Structural calculation of glass samples (a) without water and (b) with x = 0.02 of 

water.  

In Figures 4.11, it is clear from the calculations that the structure of glasses consists of 𝑄3 and 𝑄2 

tetrahedra network and the glasses are ultraphoshates  (
[𝑂]

[𝑃]
< 3.0) in the studied range  

(0.005 ≤ 𝑥 ≤ 0.05 )of compositions. 

(b) 
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4.1.3.1 Deconvolution of IR Vibrational Bands 

Deconvolution of IR spectra is helpful for determining the parameters of absorption bands [2] [3]. 

The deconvolution was done in Peak Fit [4] using the same number Gaussian peaks (vibrational 

bands) for every sample. In Figures 4.12, it is quite evident that IR spectra consists of many broad 

absorption bands, which represent different phosphate structural groups. These groups are inter-

connected in several ways which not only increase the number of allowed vibrational modes but 

also the absorption bandwidths. 

 

Figure 4. 12: The deconvolution of IR spectra of erbium doped glasses with x = 0.05, y = 0.35. 

Figure 4.12 represents an example of peak deconvolution of an IR spectrum. Deconvolution is also 

very useful for revealing the number of absorption bands related to different vibrational modes of 

phosphate structural groups. The relative intensity of each has been calculated from  𝐼𝑛 = 𝑆𝑛/𝑆𝑡 
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[2], where 𝐼𝑛 is the relative intensity of each 𝑛𝑡ℎ band, 𝑆𝑛 represents the area of each band  and 𝑆𝑡 

is the area under the whole spectrum in the region between 400 − 1400 𝑐𝑚−1 .  

Infrared absorption spectra of vitreous and crystalline phosphate have been used as a basis for the 

qualitative identification of glass-forming structural units in these glasses [5] [6] [7] [8] [9] [2] It 

is accepted that the network structure of the phosphate glasses contains a polymeric arrangement 

of 𝑃𝑂4 tetrahedra as postulated by Van Wazer [10], Martin (112) and Brow et al [113]. 

The bands arising from the vibrations of the phosphate glass network appear in the range 1400 −

400 𝑐𝑚−1 . Three main regions can be distinguished in this range; the region between 1400 −

1150 𝑐𝑚−1 is  characteristic of vibrations of non-bridging 𝑃𝑂2 groups, the region around  1150 −

900 𝑐𝑚−1 is characteristic of terminal 𝑃 − 𝑂 (and/or 𝑃𝑂3 groups) and the region between 900 

and 700 𝑐𝑚−1 is characteristic of the vibrations of bridging 𝑃 − 𝑂 − 𝑃 groups. All the symmetric 

and asymmetric stretching vibrations observed in the spectra are characteristic of 𝑄3 and 𝑄2 groups 

[13]. The first addition of alkali or alkaline earth oxides, such as 𝑁𝑎2𝑂 to 𝑃2𝑂5 glass, result in 

conversion of three-dimensional network, to linear phosphate chain [14]. the linear chain structure 

results in cleavage of  𝑃 −  𝑂 −  𝑃 linkages and the creation of non-bridging oxygens (NBOs). 

The IR spectra in Figure 4.12 shows a strong broad band near 1200 − 1360 𝑐𝑚−1. The vibrational 

modes at peak center of 1353 𝑐𝑚−1 is assigned to the stretching vibration of P = O in the branching 

group of 𝑄3(𝑃𝑂1𝑂3

2

) [15] [16]. This band exists in most phosphate glass system with at least  

60 𝑚𝑜𝑙%  𝑃2𝑂5 [17] [18] [19] [20]. Several previous studies [21] [22] [23] have shown that the 

band corresponding to the stretching vibration of double bonded oxygen could be found in the 

frequency range 1230– 1390 𝑐𝑚−1. This band obviously becomes smaller with increasing 

𝑅𝐸2𝑂3(𝑅𝐸,= 𝐸𝑟,𝑁𝑑) concentration. In ultraphosphate glasses, this decrease is due to the 
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decrease in effective force constant of the (𝑃 = 𝑂) bond. The frequency of 𝑃 =  𝑂 is also affected 

by the presence of water (which is probably taken up during the preparation of pellets for IR 

measurement) as in Figure 4.10. In all the glass samples measured, the absorption band 𝑃 −  𝑂 −

𝐻 was observed around 1650 𝑐𝑚−1 [24] [25] [26], and the stretching mode of 𝑃 − 𝑂 − 𝐻 was 

also observed at 2700 − 2925 𝑐𝑚−1 and 3433 𝑐𝑚−1 [24] [26] [27]. 

The band near 1260– 1280 𝑐𝑚−1 is assigned to out-of-chain (𝑃𝑂2) asymmetric stretching mode 

of two non-bridging oxygens bonded to phosphorus in the (middle group) 𝑄2 tetrahedral site.  [28]. 

The vibrational mode at peak center 1270 𝑐𝑚−1 was assign to asymmetric stretch mode of two 

non-bridging oxygens (NBO) bonded to the phosphorus atom, and at 1204 𝑐𝑚−1 is symmetric 

stretching vibrational mode of the same unit in phosphate tetrahedra [17] [18] [15]. These two 

bands overlapped to form a broadened band in the spectra. The relative intensity of 𝑃 =  𝑂 

changes (decreases) with increasing the 𝑅𝐸2𝑂3 concentration, whereas the 𝑃𝑂2 band intensity 

increases with increasing the 𝑅𝐸2𝑂3  concentration. The peak center of 𝑃 =  𝑂 band start shifting 

to high wavenumbers as x changes from 0.005 to 0.05. 

. The absorption bands at 1000 𝑐𝑚−1 and 1115𝑐𝑚−1 are assign to the 𝑃 − 𝑂− group, which is 

phosphate-non-bridging oxygen portion of the 𝑃𝑂4 tetrahedra. The absorption band at 1080 −

 1120 𝑐𝑚−1 of 𝑃 − 𝑂− group shifts to lower wavenumber 1126 to  1110 𝑐𝑚−1 as 𝐸𝑟2𝑂3 replaces 

𝑁𝑎2𝑂 [20]. The absorption band at 896 𝑐𝑚−1 and at 759 𝑐𝑚−1 were assigned to asymmetric and 

symmetric stretch of 𝑃 − 𝑂 −  𝑃 linkage in the chain, respectively. [29]. The band for 

(𝑃 − 𝑂 − 𝑃)𝐴𝑆 shifts to lower wave-number by increasing the 𝑅𝐸2𝑂3 contents. Similar results for 

(𝑃 − 𝑂 − 𝑃)𝑆𝑆 were reported by Moustafa et al [2] at 725 𝑐𝑚−1, and they assign this mode to 

symmetric stretch of (𝑃 − 𝑂 − 𝑃) ring, while at 908 𝑐𝑚−1 is the (𝑃 − 𝑂 − 𝑃)𝐴𝑆 group linked 
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with linear metaphosphate chain [30]. Generally, the structure of (𝑃 − 𝑂 − 𝑃)𝑆𝑆 band is 

considered as the most characteristic one in the spectra of meta-phosphate since it appears in the 

frequency range free from other vibrational frequencies [31] [32]. In addition, (𝑃 − 𝑂 − 𝑃)𝑆𝑆 is 

very sensitive to changes in 𝑅𝐸2𝑂3 concentration, since the frequency strongly depend on the (𝑃 −

𝑂 − 𝑃) bond angle in the glass structure [32] [33] [29]. 

  In previous observation [23], the shoulder at about 600 𝑐𝑚−1 has been assigned to a covalent 

bond between non-bridging oxygen and erbium ions as 𝑃–𝑂–𝐸𝑟 stretching vibration. The band 

480 − 540 𝑐𝑚−1 is assigned to deformation mode of 𝑃𝑂4
3− group [34] [35] [36] [37].The mode 

at 454 𝑐𝑚−1 is assign to bending vibration of 𝑂 − 𝑃 −  𝑂 unit, 𝛿(𝑃𝑂2) mode of (𝑃𝑂𝑛
− )𝑛 chain 

group [2] [38]. All the symmetric and asymmetric stretching vibrations observed in the spectra are 

characteristic of 𝑄3 and 𝑄2 groups. 

4.1.4 High Energy X-ray Diffraction (HEXRD) Measurements 

 X-ray diffraction experiments were performed on the beam line 11 𝐼𝐷𝐶  at the Advance 

Photon Source (APS) at Argonne National Laboratory, Argonne IL.The incident photon energy 

was 114.80 keV (radiation wavelength, 0.010783 𝑛𝑚). Calibrations were carried out ,before data 

could be integrated from 2D to 1D [35].The polarization, self-scattering, Compton scattering, dark 

current and empty container background corrections were applied to measured data [36]. The total 

scattering function S(Q) is obtained by removing self-scattering𝑓2(𝑄) and C(Q) is the Compton 

scattering contribution (given by 𝑓2(𝑄) + 𝐶(𝑄)), from the coherent scattered intensity per atom, 

𝐼𝑋(𝑄) and dividing by the average squared atomic scattering factor, 〈𝑓2(𝑄)〉2 according to [37-

38]. 
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𝑆𝑋(𝑄) − 1 =  
𝐼𝑥(𝑄) − (∑ 𝑓𝑖

2(𝑄) + 𝐶(𝑄))𝑛
𝑖=1

〈𝑓2(𝑄)〉
 (4.1)  

The average scattering is given by  

〈𝑓2(𝑄)〉 =  [∑ 𝑐𝑖𝑓𝑖
𝑛

𝑖,𝑗=1
]

2

 (4.2)  

 where i and j represent the different atomic species in the material. The measured 𝑆𝑋(𝑄) is 

expressed using Faber-Ziman formalism [39] as the sum of the X-ray weighted element specific 

partial structure factor 𝑆𝑖𝑗(𝑄) 

  𝑆𝑥(𝑄) − 1 =  𝑤𝑖𝑗(𝑄) [𝑆𝑖𝑗(𝑄) − 1]  (4.3)  

 where 𝑤𝑖𝑗(𝑄)  is the weighted functions of atoms 𝑖𝑡ℎ and 𝑗𝑡ℎ and follows the relation  

𝑤𝑖𝑗(𝑄) =  
2𝑐𝑖𝑐𝑗𝑓𝑖(𝑄)𝑓𝑗(𝑄)

〈𝑓2(𝑄)〉
 𝑖 ≠ 𝑗 (4.4)  

𝑤𝑖𝑗(𝑄) =  
(𝑐𝑖𝑓𝑖(𝑄))2

〈𝑓2(𝑄)〉
𝑖 = 𝑗 (4.5)  

 

Figure 4.13(a): X-ray structure factors, S(Q) neodymium doped sodium phosphate glasses. 
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The structure factors,  𝑆𝑋(𝑄) of (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses 𝑅𝐸 = 𝑃𝑟,𝑁𝑑, 𝐸𝑟 are 

shown Figure 4.13.  

 

 

Figure 4. 13: X-ray structure factors, S(Q), of the (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses. 

Graphs are shifted vertically for clarity. (a) Nd-doped glasses (b) Pr -doped glasses (c) Er-

doped  glasses. Systematic changes in S(Q) features in indicates structural changes induced by 

changes in rare earth oxide concentration. 

(b) 

(c) 
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4.1.4.1 Data Analysis and Results 

Evaluation of the total pair distribution function 𝑇𝑋(𝑟 was done using the Fourier transform,  

dQQrsinQSQMrrT maxQ

minQ
x )(1])()[(2=)( 0

2  
 (4.6)  

 

 where r is the separation between two given pairs of atoms, 𝜌0 is the atomic density, and M(Q) is 

a Lorch window function [40] that suppresses Fourier transform termination effects according to  

𝑀(𝑄) =  
𝑆𝑖𝑛 (

𝜋𝑄
𝑄𝑚𝑎𝑥

)

(
𝜋𝑄

𝑄𝑚𝑎𝑥
)

 (4.7)  

 Each atomic correlation was modeled by fitting a reciprocal space version of a Gaussian using an 

approach by Gaskell [41] 

𝑝𝑖𝑗(𝑄) =  𝑁𝑖𝑗  (
𝑤𝑖𝑗(𝑄)

𝑐𝑗
)(

sin(𝑄𝑅𝑖𝑗)

𝑄𝑅𝑖𝑗
) 𝑒𝑥𝑝 (−

𝑄2𝜎𝑖𝑗
2

2
) (4.8)  

 Here 𝑁𝑖𝑗 , 𝑅𝑖𝑗 and 
2
ij  are the coordination number, atomic seperation and Debye-Waller factors of 

atom i with respect to atom j respectively. 𝑐𝑗 is the composition fraction of atom j. Initial fitting 

values of 𝑁𝑖𝑗, 𝑅𝑖𝑗 and 
2
ij  were taken from the those obtained for single rare-earth phosphate 

glasses. Refinement of the 𝑁𝑖𝑗 , 𝑅𝑖𝑗 and 
2
ij  parameters were done using the NXFit program [42]. 

When using NXFit, it is not usual to fit 𝑇𝑋(𝑟) beyond 4 Å, because the problem of overlapping 

correlations makes it very difficult to assign features to particular pairs of atoms. The maximum 

number of iterations to be used in the fitting process can also be specified.Once satisfactory fits to 

the X-ray data-sets were achieved, the coordination numbers for each sample were altered, and the 

program was allowed to refit the data. The differences between the final values for the two fits 
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were then used as an estimate of the error [43]. 𝑇𝑋(𝑟) functions thus obtained (fits) are shown in 

in Figure 4.14 along with the experimental data. The structural parameters obtained from the X-

ray data are given in Table 4.1. Examples of the modeling of the contributions of the individual 

atomic pair correlations to 𝑇𝑋(𝑟 the model is shown in Figure 4.15. 

 

Figure 4.14 (a) : T(r) profile of for  (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses, continue 

next page. 
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Figure 4. 14:  𝑇𝑋(r) Profiles for  (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses, dotedt lines represent 

the experimental data, solid lines are the corresponding fits. 𝑇𝑋(r) plots have been shifted 

vertically to avoid stacking.  
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Table 4. 1: Coordination number 
ijN , atomic separation 𝑹(Å) and Debye-Waller factor 𝝈𝟐(Å𝟐) 

for each of the modeled pair correlation function for (𝑹𝑬𝟐𝑶𝟑)𝒙(𝑵𝒂𝟐𝑶)𝒚(𝑷𝟐𝑶𝟓)𝟏−𝒙−𝒚 glasses 

(RE = Pr , Nd, Er) where 0.050.005  x  based on x-ray diffraction data.
*
ijN and *R  are the total 

coordination numbers and the mean distances, respectively.  

 

Table 4.1 (a) Pr doped sodium phosphate  glasses. 

 

        x            y 

(molar fraction) 

𝑃 −  𝑂𝑇 𝑃 − 𝑂𝐵 (𝑃 − 𝑂)∗ 
𝐴𝑙
− 𝑂 

𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝑅(Å) 

0.005 0.395 1.90 1.49 0.05 1.94 1.58 0.037 3.83 1.535 
1.81 

 

0.01 0.39 1.90 1.49 0.05 1.91 1.58 0.034 3.81 1.535 
1.81 

 

0.02 0.38 1.85 1.49 0.055 2.0 1.58 0.039 3.85 1.535 
1.81 

 

0.03 0.37 1.90 1.49 0.055 2.0 1.58 0.044 3.90 1.535 
1.81 

 

0.04 0.36 1.90 1.49 0.055 2.1 1.58 0.045 4.0 1.535 
1.81 

 

0.05 0.35 1.90 1.49 0.055 2.1 1.58 0.03 4.0 1.535 
1.81 

 

 

𝑁𝑎 −   𝑂 𝑃𝑟 −  𝑂 𝑂 − 𝑂 𝑃 − 𝑃 

𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 

 

5.0  

 

2.38  

 

0.165  

 

7.90  

 

2.43  

 

0.092  

 

4.20  

 

2.52  

 

0.088  

 

2.0  

 

2.87  

 

0.13  

 

5.0  

 

2.36  

 

0.17  

 

7.84  

 

2.42  

 

0.11  

 

4.22  

 

2.52  

 

0.08  

 

2.0  

 

2.87  

 

0.13  

 

5.0  

 

2.35  

 

0.17  

 

7.78  

 

2.45  

 

0.099  

 

4.25  

 

2.52  

 

0.093  

 

2.0  

 

2.87  

 

0.12  

 

4.94  

 

2.32  

 

0.22  

 

7.55  

 

2.43  

 

0.102  

 

4.35  

 

2.52  

 

0.088  

 

2.0  

 

2.87  

 

0.13  

 

5.0  

 

2.34  

 

0.18  

 

7.52  

 

2.45  

 

0.11  

 

4.30  

 

2.52  

 

0.094  

 

2.0  

 

2.87  

 

0.12  

 

5.0  

 

2.34  

 

0.18  

 

7.48  

 

2.45  
0.11  

 

4.34  

 

2.52  

 

0.093  

 

2.0  

 

2.87  

 

0.11  
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Table 4.1 (b):  Nd doped sodium phosphate  glasses. 

 

 x           y 

(molar 

fraction) 

𝑃 −  𝑂𝑇 𝑃 − 𝑂𝐵 (𝑃 − 𝑂)∗
 

𝐴𝑙
− 𝑂 

𝑁 𝑅(Å) 𝜎2(Å
2
) 𝑁 𝑅(Å) 𝜎2(Å

2
) 𝑁 𝑅(Å) 𝑅(Å) 

0.005 0.395 
 

1.90  

 

1.49  

 

0.045  

 

1.90  

 

1.58  
 0.04  

 

3.80  

 

1.535  

1.81 

 

0.01 0.39 
Crystal 

 

0.02 0.38 
 

1.90  

 

1.49  

 

0.045  

 

1.95  

 

1.59  

 

0.055  

 

3.85  
 1.54  

1.81 

 

0.03 0.37 
 

1.90  

 

1.49  

 

0.055  

 

1.95  

 

1.59  
 0.06  

 

3.85  
 1.54  

1.81 

 

0.04 0.36 
 

1.90  

 

1.49  

 

0.05  

 

1.90  

 

1.59  

 

0.064  

 

3.80  
 1.54  

1.81 

 

0.05 0.35 
 

1.90  

 

1.49  

 

0.055  

 

1.90  

 

1.59  

 

0.067  

 

3.80  
 1.54  

1.81 

 

 

𝑁𝑎 −   𝑂 𝑁𝑑 −  𝑂 𝑂 − 𝑂 𝑃 − 𝑃 

𝑁 𝑅(Å) 𝜎2(Å
2
) 𝑁 𝑅(Å) 𝜎2(Å

2
) 𝑁 𝑅(Å) 𝜎2(Å

2
) 𝑁 𝑅(Å) 𝜎2(Å

2
) 

 

5.0  

 

2.38  

 

0.16  

 

7.90  

 

2.43  

 

0.10  

 

4.20  

 

2.52  
0.074  

 

2.0  

 

2.87  

 

0.14  

 

Crystal 

 

4.94  

 

2.36  

 

0.11  

 

7.83  

 

2.41  

 

0.13  

 

4.20  

 

2.52  

 

0.071  

 

2.0  

 

2.87  

 

0.14  

 

4.90  

 

2.36  

 

0.11  

 

7.75  

 

2.41  

 

0.12  

 

4.24  

 

2.52  

 

0.072  

 

2.0  

 

2.86  

 

0.14  

 

5.0  

 

2.36  

 

0.11  

 

7.71  

 

2.41  

 

0.10  

 

4.25  

 

2.52  

 

0.072  

 

2.0  

 

2.86  

 

0.14  

 

5.0  

 

2.36  

 

0.11  

 

7.51  

 

2.42  

 

0.088  

 

4.35  

 

2.52  

 

0.072  

 

2.0  

 

2.86  

 

0.14  
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Table 4.1(c) : Er doped sodium phosphate  glasses. 

 

       x               y 

(molar fraction) 

𝑃 −  𝑂𝑇 𝑃 − 𝑂𝐵 (𝑃 − 𝑂)∗ 
𝐴𝑙
− 𝑂 

𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝑅(Å) 

0.005 0.395 1.90 1.49 0.021 1.98 1.58 0.037 3.88 1.535 
1.82 

 

0.01 0.39 1.90 1.49 0.05 1.91 1.58 0.045 3.8 1.535 
1.81 

 

0.02 0.38 1.85 1.49 0.055 1.91 1.58 0.057 3.81 1.535 
1.84 

 

0.03 0.37 1.90 1.49 0.055 1..9 1.58 0.044 3.80 1.535 
1.81 

 

0.04 0.36 1.90 1.49 0.047 2.1 1.58 0.042 4.0 1.535 
1.84 

 

0.05 0.35 1.90 1.49 0.048 1.91 1.58 0.043 3.81 1.535 
1.81 

 

 

𝑁𝑎 −   𝑂 𝐸𝑟 −  𝑂 𝑂 − 𝑂 𝑃 − 𝑃 

𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 𝑁 𝑅(Å) 𝜎2(Å2) 

 

5.0  

 

2.4 

 

0.13 

 

8.0 

 

2.25 

 

0.13 

 

4.20  

 

2.53 

 

0.065  

 

2.0  

 

2.84  

 

0.14 

 

4.83 

 

2.4 

 

0.13 

 

7.85  

 

2.26  

 

0.11  

 

4.20  

 

2.52  

 

0.086 

 

2.0  

 

2.84  

 

0.14  

 

5.0  

 

2.40 

 

0.134 

 

7.72  

 

2.26 

 

0.08  

 

4.21  

 

2.52  

 

0.070  

 

2.0  

 

2.84  

 

0.14  

 

4.80  

 

2.40  

 

0.11 

 

7.45  

 

2.25 

 

0.07  

 

4.35  

 

2.52  

 

0.062  

 

2.0  

 

2.84 

 

0.14  

 

4.89 

 

2.39 

 

0.11 

 

7.25  

 

2.27  

 

0.074  

 

4.25 

 

2.52  

 

0.041 

 

2.0  

 

2.84 

 

0.14 

 

4.89 

 

2.39 

 

0.10 

 

7.0  

 

2.27  
0.085 

 

4.25 

 

2.52  

 

0.06  

 

2.0  

 

2.84  

 

0.14  
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Figure 4. 15: Examples of the modeling of the contributions of the individual atomic pair 

correlations to the model for (a) Pr (top x = 0.005, bottom x =0.05) and (b) Nd (top = 0.005, 

bottom x =0.05) doped glasses. 

𝑟(Å) 

𝑟(Å) 

𝑇 𝑋
( 𝑟

)  
(𝐴

𝑡𝑜
𝑚

𝑠/
Å

2
) 

𝑇 𝑋
( 𝑟

)  
(𝐴

𝑡𝑜
𝑚

𝑠/
Å

2
) 
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4.1.5 Optical Properties  

4.1.5.1 Absorption Properties 

The optical absorption spectra of  (𝑥 = 0.01)  𝐸𝑟3+and 𝑁𝑑3+-doped sodium phosphate 

glasses measured in the UV-visible (VIS) and NIR region, are shown in Figures 4.16 - 4.18.  

4.1.5.1.1 Erbium Doped Sodium Phosphate Glasses 

A total of 13 absorption bands, corresponding to transitions from the ground state, 
4
I15/2 to various 

excited states, were identified and assigned. The assignments were made by comparison with energy 

levels of 𝐸𝑟3+Aqueous ion [39], and reported Er
3+

 in Glass System [40] [41] [42] [43] [44]. The peak 

positions (bary-centers) of the absorption bands (in nanometer) and, their experimental  (𝑓𝑒𝑥𝑝) ) and 

calculated (𝑓𝑐𝑎𝑙) oscillator strengths were obtained using well-known expressions [45] [46]. 

 

Figure 4. 16 : Absorption spectra of (x = 0.01) Er3+ -doped sodium Phosphate glass (a) UV-VIS 

(top) and (b) NIR regions (bottom). The band assignments are transitions from the  

ground state 4I15/2 . 
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The absorption bands 4I15/2 4G11/2  and 4I15/2  
4
H11/2  located at 377 𝑛𝑚 and 520 𝑛𝑚, respectively 

are most intense and are called hypersensitive transitions (HSTs) [47] [48]. The HSTs are sensitive 

to small changes of environment around 𝑅𝐸3+ ions [137] and follow the selection rules |Δ𝑆| =

0, |Δ 𝐿| ≤ 2 𝑎𝑛𝑑 |Δ 𝐽| ≤ 2 [48]. 

The Absorbance coefficient 𝛼(𝜆) was calculated using the Beer- Lambert's Law given by 

𝛼(𝑐𝑚−1) =
2.303

𝐿
 ×𝐴 (4.9)  

 

 

Figure 4. 17 : Absorbance coefficient of (x =0.01) Er3+ -doped sodium phosphate glass (a) UV-

VIS region (top) and (b) NIR regions (bottom). The thickness of the sample is 0.8 cm. 
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The Absorbance cross-section of Er
3+

 was calculated using the relation [49] 

𝜎(𝜆) =
𝛼(𝜆)

𝑁
 (4.10)  

where N is the concentration of Er
3+

 ions in the sample.  

 

Figure 4. 18 : Absorbance cross-section of (x =0.01) Er3+ -doped sodium phosphate glass with 

(a) UV-VIS(top) and (b) NIR regions(bottom). The concentration of Er3+ ions in the sample is 

𝑁 = 2.90 × 1020 𝑖𝑜𝑛𝑠

𝑐𝑚3
. 

4.1.5.2 Calculations of Judd-Ofelt Parameters 

The Judd-Ofelt (JO) theory  [45] [46] is based on the static, free-ion and single configuration 

approximation. In this static model, the central ion is affected by the surrounding host ions via a static 
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electric field, referred to as ligand or crystal field, and is treated as a perturbation on the free-ion 

Hamiltonian. The schematic diagram of JO analysis is shown in Figure 4.19.  

 

Figure 4. 19 : Schematic diagram for JO program analysis. 

JO theory describes the intensities of lanthanide and actinide transitions in solid and solutions. The 

utility of the JO theory is that it provides a theoretical expression for the line strength. 

𝑆𝐸𝐷 = ∑ Ω𝑡|⟨𝑓
𝑛[𝑆𝐿]𝐽||𝑈𝑡||𝑓𝑛[𝑆′𝐿′]𝐽′⟩|2

𝑡=2,4,6

 (4.11)  

𝑆𝑐𝑎𝑙(𝐽 → 𝐽′) =  Ω2|𝑈
2|2 + Ω4|𝑈

4|2 + Ω6|𝑈
6|2 (4.12)  

Here Ω𝑡 are the Judd-Ofelt parameters. The terms in brackets are doubly reduced matrix elements for 

intermediate coupling [48]. Intermediate coupling refers to a situation where the mutual repulsion 

interaction between 4𝑓 electrons is of the same order of magnitude as the spin-orbit coupling. This 

effect  can be incorporated by expanding the wave-function of the 4𝑓 states in a linear combination of 

Russel - Saunders or 𝐿𝑆 − 𝑐𝑜𝑢𝑝𝑙𝑒𝑑 states. The 𝑈𝑡 are the irreducible tensor forms of the dipole 
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operator, the data for 𝐸𝑟3+ and 𝑁𝑑3+are from reference [6]. A Judd-Ofelt analysis relies on 

accurate absorption measurements, specifically the integrated absorption cross-section over the 

wavelength range of several manifolds. From the integrated absorption cross-section, the so-called 

line strength  𝑆𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 can be expressed as 

𝑆𝑚𝑒𝑎 =
3𝑐ℎ

8𝜋3𝑒2𝜆̅
  (2𝐽 + 1)𝑛 (

3

𝑛2 + 2
)
2

∫𝜎(𝜆)𝑑𝜆 (4.13)  

where J is the total angular momentum of the initial ground manifold, found from the 
2S+1

LJ 

designation.  𝜎(𝜆) is the absorption cross-section as a function of wavelength. The factor 

(
3

𝑛2+2
)2represents the local field correction for electric dipole transition for the effective field for 

the ion in the dielectric host medium of isotropic refractive index n. The wavelength -dependent 

index of refraction was determined from Sellmeier's dispersion equation and plotted in Figure 4.20 

[50] . 

𝑛2(𝜆) = 1 + 
𝑆 𝜆2

𝜆2 − 𝜆0
2  = 𝐴 + 

𝐵 𝜆2

𝜆2 −  𝐶
 (4.14)  
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Figure 4. 20: Refractive index of erbium sodium phosphate samples calculated using Sellmeier’s 

relationship and sciglass software data [51], estimated values of Sellimeier coefficients A = 1, 

 B = 1.28400, C = 0.01016 for n = 1.513. [52] 

The mean wavelength 𝜆̅ and bandsum can be found from the absorption cross section data using 

relationship shown in Equations 4.15 and 4.16 (see below) and are given in Table :4.1 for Er
3+

 

doped sodium phosphate glasses 

𝜆̅ =
∑ 𝜆 𝜎(𝜆)

∑𝜎(𝜆)
 (4.15)  

𝑏𝑎𝑛𝑑𝑠𝑢𝑚 (𝑐𝑚2 − 𝑛𝑚) =  
∫ 𝜎(𝜆)𝑑𝜆
𝑚𝑎𝑛𝑖𝑓𝑜𝑙𝑑

1 × 1020
 

(4.16)  
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Table 4. 2 : Bandsum and mean wavelength for (x = 0.01) erbium from absorption cross section 

shown in Figure 4.18. 

 

 Transition from  

 4𝐼15 2⁄  
Bandsum (cm2  -nm /1 × 10 20) 

  𝜆̅ 
 

No (nm)  

1  4𝐼13 2⁄  40.71 1529  

     

2  4𝐼11 2⁄  10.63 988.4  

     

3  4𝐼9 2⁄  2.07 814.70  

     

4  4𝐹9 2⁄  9.09 656.7  

     

5  4𝑆3 2⁄  2.52 551.4  

     

6  2𝐻11 2⁄  20.34 522.1  

     

7  4𝐹7 2⁄  4.56 488.5  

     

8  4𝐹5 2⁄  2.27 451.3  

     

9  4𝐹3 2⁄  0.385 443.48  

     

10  2𝐺9 2⁄  1.70 409.7  

     

11  2𝐺11 2⁄  16.30 378  

     

12  4𝐺9 2⁄  2.95 364.7  

     

13  2𝐾15 2⁄  0.78 356  
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4.1.5.3 Absorption Spectra of Neodymium Doped Sodium Phosphate Glasses 

 

Figure 4. 21 : Absorption Cross Section of N d3+ -doped sodium phosphate glasses (a) x =0.092 

molar fraction with concentration 𝑜𝑓 𝑁𝑑3+ 𝑁 =  𝑖𝑠 2.90 × 1020 𝑖𝑜𝑛𝑠

𝑐𝑚3 (b) x = 0.03 molar fraction 

with concentration 𝑜𝑓 𝑁𝑑3+ 𝑁 =  4.08 × 1020  
𝑖𝑜𝑛𝑠

𝑐𝑚3
. 
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4.1.5.4 Life-time Measurements 

4.1.5.4.1 Erbium Doped Sodium Phosphate Glasses 

Luminescence decay measurements were performed at University of South Dakota (USD), 

Vermilion, SD, for 𝐸𝑟3+ and 𝑁𝑑3+doped sodium phosphate glasses. For erbium doped samples 

were excited with a 522 nm laser, which excite  𝐸𝑟3+ ions to state  4𝑆3 2⁄  level.  The luminescence 

decay of  𝐸𝑟3+ ions from  4𝐼13 2⁄ →  4𝐼15 2⁄  transition at 1530 nm was observed. The Diekes diagram 

[53] of these transitions are shown in Figure 4.22.  

 

Figure 4. 22: Dieke diagram of Er ion energy level in glasses excited with 522 nm excitation 

laser. 
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The decay curve of level  4𝐼13 2⁄  for all the erbium samples were exponential and they were fitted 

with the following expression [54] 

𝐼 =  𝐼0exp (−
𝑡

𝜏
) (4.17)  

where 𝐼0 is the intensity at 𝑡 = 0. The lifetime 𝜏 =  (Γ + 𝑘𝑛𝑟)
−1 contains the emissive rate Γ and 

non-radiative decay rate 𝑘𝑛𝑟 as shown in Figure 4.23. 

 

Figure 4. 23: Exponential decay curve of  4𝑆3 2⁄  level monitored at  4𝐼13 2⁄ →  4𝐼15 2⁄   for erbium 

doped sodium phosphate glass. 

From these decay curves, the effective decay time 𝜏𝑒𝑓𝑓, which is considered as the experimental 

lifetime 𝜏𝑒𝑥𝑝 have been determined by the following expression [55]. 
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𝜏𝑒𝑥𝑝 = 
∫ 𝑡 𝐼(𝑡)𝑑𝑡

∫ 𝐼(𝑡)𝑑𝑡
 (4.18)  

The concentration of the rare-earth ions is an important parameter, which effects the laser gain of 

the host material. The number density 𝑁 of the laser-active ion i.e. the number of ions per cubic 

centimeter can be evaluated using the relation [56] [57] 

𝑁 (
𝑖𝑜𝑛𝑠

𝑐𝑚3
) =  

(𝑀𝑜𝑙𝑒 𝑓𝑟𝑎𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑅𝑒)𝑁𝐴 𝜌

(𝐺𝑙𝑎𝑠𝑠 𝐴𝑣𝑑𝑒𝑟𝑎𝑔𝑒 𝑚𝑜𝑙𝑒𝑐𝑢𝑙𝑎𝑟 𝑊𝑒𝑖𝑔ℎ𝑡)
=  

𝑥 𝜌𝑁𝐴

𝑀
 (4.19)  

where 𝜌 is the density of glass samples, 𝑁𝐴 is the Avogadro's number, 𝑥 is the mole fraction of the 

rare-earth oxide and 𝑀 is the average molecular weight of the sample. The measured lifetime of 

the samples is shown in Figures 4.24 and 4.25 as a function of  𝐸𝑟3+ ion concentration and molar 

fraction of 𝐸𝑟2𝑂3 respectively. 

 

Figure 4. 24: Dependence of  4𝐼13 2⁄  state lifetime on the 𝐸𝑟3+ concentration. 
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Figure 4. 25: Dependence of  4𝐼13 2⁄  state lifetime on the molar fraction of 𝐸𝑟2𝑂3. 

 

 

Figure 4. 26: Quantum efficiency with 𝜏𝑟 =  13.79 𝑚𝑠𝑒𝑐 of at   4𝐼13 2⁄ →  4𝐼15 2⁄ transitions for 

various 𝐸𝑟3+ concentration in sodium phosphate glasses. 
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The luminescence quantum efficiency 𝜂 is defined as the ratio of the number of photons emitted 

to the number of photons absorbed. For rare earth ion systems, 𝜂 is equal to the ratio of the 

measured lifetime to the predicted radiative lifetime for respective levels given by [58] 

𝜂 = (
𝜏𝑒𝑥𝑝

𝜏𝑟
)×100 (4.20)  

Quantum efficiency of the   4𝐼13 2⁄  level of erbium doped glasses in these shown in Figure 4.26. 

4.1.5.4.2 Neodymium Doped Sodium Phosphate Glasses 

Neodymium doped samples were also excited with 532 nm laser, which excite  𝑁𝑑3+ ions 

to state  4𝐺7 2⁄ level.  The luminescence decay of  𝑁𝑑3+ ions from  4𝐹5 2⁄ →  4𝐼11 2⁄  transition at 

1064 𝑛𝑚 was observed. The Dieke diagram [53] of these transitions are shown in Figure 4.27.  

 

Figure 4. 27 :  Energy level diagram of neodymium ion in sodium phosphate glasses. 
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The measured lifetime of the samples is shown in Figure 4.28 and 4.29 as a function of  𝑁𝑑3+ 

ion concentration and molar fraction of 𝑁𝑑2𝑂3, respectively. 

 

Figure 4. 28: Dependence of 4F3/2 state lifetime on the 𝑁𝑑3+ concentration. 

        

Figure 4. 29 : Dependence of 4F3/2 state lifetime on the molar fraction  𝑁𝑑2𝑂3 . 
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4.1.5.5 Emission Properties 

4.1.5.5.1 Erbium Doped Sodium Phosphate glasses 

For the evaluation of emission spectra with different 𝐸𝑟3+ ion concentration, the emission was 

measured by exciting the glass samples with 522 𝑛𝑚 ( 4𝑆3 2⁄ →  4𝐼15 2⁄ ) and 1064 𝑛𝑚  (4𝐼11 2⁄ →

 4𝐼15 2⁄ )  and monitoring the emission of  4𝐼13 2⁄ →  4𝐼15 2⁄  transition state. Among different 𝐸𝑟3+ 

emission lines, the emission band at 1.53 𝜇𝑚 arising from  4𝐼13 2⁄ →  4𝐼15 2⁄ transition is the most 

important one as it is useful for optical communication and Infrared (IR) laser applications [59].  

The recorded emission spectra are shown in Figure 4.31.  

 

Figure 4. 30:  Energy level diagram of 𝐸𝑟3+ ion. 
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Figure 4. 31: Emission spectra of erbium doped samples (a) 522 nm excitation source (b) 1064 

nm excitation and monitoring 1530 nm emission, plots are shifted for clarity (c) Dependence of 

intensity on concentration 
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4.1.5.5.2 Neodymium Doped Sodium Phosphate Glasses 

The emission of 𝑁𝑑3+ion was monitored at 1064 𝑛𝑚 ( 4𝐹3 2⁄ →  4𝐼11 2⁄ )  and 1325 𝑛𝑚( 4𝐹3 2⁄ →

 4𝐼13 2⁄ ), by exciting the 𝑁𝑑3+ ions using 532 𝑛𝑚 ( 4𝐼9 2⁄ →  4𝐺7 2⁄ )  and 1064 𝑛𝑚 ( 4𝐼11 2⁄ →

 4𝐹3 2⁄ )  lasers. The Recorded emission spectra of 𝑁𝑑3+ ions is shown in Figure 4.33.  

 

Figure 4. 32:  Energy level diagram of 𝑁𝑑3+ ion. 
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Figure 4. 33: Emission spectra of neodymium doped samples (a) 532 nm excitation source (b) 

1064 nm excitation and monitoring 1064 nm and 1325 nm emission. 
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4.1.5.5.3 Praseodymium Doped Sodium Phosphate Glasses 

The emission of 𝑃𝑟3+ion was monitored at 640 𝑛𝑚 ( 3𝑃0 →  3𝐻6) and 1330 𝑛𝑚( 1𝐺4 →  3𝐻5) , by 

exciting the 𝑁𝑑3+ ions using 444 𝑛𝑚 ( 3𝐻4 →  3𝑃2)   [60] and 1064 𝑛𝑚 ( 3𝐻4 →  1𝐺4) lasers. The 

recorded emission spectra are shown in Figure 4.35. 

 

Figure 4. 34:  Energy level diagram of 𝑃𝑟3+ ion. 
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Figure 4. 35 : Emission spectra of praseodymium doped samples (a) 444 nm excitation source 

(b) 1064 nm excitation and monitoring 640 nm and 1330 nm emission, inset is for 𝑃𝑟3+ ion 

emission at 1216 nm.. 
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4.2 Discussion of the Results 

4.2.1 Physical Properties  

Density is one of the effective indicator of the degree of structural compactness. Density 

of a glass is mainly influenced by the molecular weight of glass components, the integration and 

the compactness of the glass network. Density and molar- volume of a glass depend upon many 

factors such as structure, coordination number, cross-link density, and dimensionality of interstitial 

spaces [61] [62] [63]. 

As shown Figures 4.1 and 4.2, both density and molar volume of glasses increases with increasing 

the 𝑅𝐸2𝑂3 concentrations. That is, as the RE3+ concentration is increased, two competing factors 

contribute to density.  First is the replacement of a lighter atom (Na) by a heavier one (RE3+) 

favoring an increase in density.  The other is the increase in molar volume which favors a decrease 

in density.  Observed increase in density (Figure 4.1) implies that the first factor mentioned above 

dominates over the second  [1]. The density of the Nd-doped glass with x =0.01 is higher than that 

of all other Nd glasses. This deviation from the trend is due to partial crystallization of the samples 

during the cooling process [61].  

The molar volume, however may be the better quantity for evaluating the compactness of the 

structural unit. The increase in the molar volume of glasses with increasing 𝑅𝐸3+ concentration 

indicates that the replacement 𝑁𝑎+ with 𝑅𝐸3+ appears to make the glass network looser by 

expanding the structure to accommodates the larger cation at the interstitial sites. The addition of 

cation to the glass network also depolymerizes the network by opening the (𝑂1𝑂2

2

𝑃) − 𝑂 −

(𝑃𝑂1𝑂2

2

) (𝑄2 𝑢𝑛𝑖𝑡) linkages between the phosphate chains. The increase in the molar volume also 
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indicate the change in the stoichiometry of the glasses by converting the bridging oxygens (BO) 

to the non-bridging oxygen (NBO).  

4.2.2 Thermal Properties 

Prior to discussing thermal properties, it is prudent to revisit some of the known features of the 

atomic level of phosphate glasses.   

4.2.2.1 Phosphate Glass Network 

The original 3D network of 𝑣 − 𝑃2𝑂5, where each phosphorus is involved in three 𝑃 −

𝑂 − 𝑃 linkages is degraded by the addition of glass modifier. A glass modifier such as 𝑁𝑎+ 

disrupts this covalent network by forming 𝑃 − 𝑂− − 𝑁𝑎+ bonds. Thus, the addition of glass 

modifier reduces the cross-linkage density in the glass network. The breakdown of the network 

structure then allows the rearrangement to a 1D chain structure at the metaphosphate composition 

(
𝑂

𝑃
= 3.0) where long chains and rings are formed [61]. The addition of alkali cations such as 

𝑁𝑎+also decreases the 𝑇𝑔 of a glass [64], due to decrease in the cross-links between the different 

phosphate chains. When  𝑁𝑎+ (𝑟𝑁𝑎+ = 1 Å , 𝐶𝑁 = 5) is replaced with a cations such as 

𝑃𝑟3+ (𝑟𝑃𝑟 = 0.99 − 1.126 Å, 𝐶𝑁 = 6 − 8) or 𝐸𝑟3+(𝑟𝐸𝑟 = 0.89 − 1.004 Å , 𝐶𝑁 = 6 − 8). It can 

increase the 𝑇𝑔 by cross linking two phosphate chains. Furthermore, the incorporation of 𝑅𝐸3+  

also decreases the relative fraction of 𝐵𝑂𝑠 and increases NBOs as shown in Figure 4.36.  
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Figure 4. 36:  Ratio of BO/NBO for ternary glasses compare with binary phosphate glasses. 

 

In figure 4.36, the decrease in the ratio of BO/NBO after the incorporation of 𝑅𝐸2𝑂3  (𝑅𝐸 =

𝑃𝑟, 𝐸𝑟) indicates that 𝑅𝐸2𝑂3  (𝑅𝐸 = 𝑃𝑟, 𝐸𝑟) acts as network modifier, and the effect of 

𝑅𝐸2𝑂3  (𝑅𝐸 = 𝑃𝑟, 𝐸𝑟) is three times of 𝑁𝑎2𝑂 [65].  

4.2.2.2 Close to Glass Transition Temperature 

At the glass transition temperature, the internal energy of the system must be enough to loosen the 

cross-linking of the network, so that the segments become mobile. The transformation temperature 
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mainly depends on  the strength of the bonds between oxygens and  network atoms, the degree of 

the cross-linking density (chain entanglement) (CLD) 𝐶𝐿𝐷 = 𝑁𝐶 − 2 , and also on the nature of 

the cations [64] [66] [67]. 

As shown in Figure 4.6, the glass transition temperature of both Pr and Er doped samples increases 

with increasing the rare-earth oxide contents. The increase in 𝑇𝑔 indicates that the incorporation of 

rare-earth strengthen the glass network, which is mainly attributed to increase in CLD and bonding 

strength of  𝑃 − 𝑂− − 𝑅𝐸3+. Substitution of  𝑅𝐸2𝑂3 (𝑅𝐸 = 𝑃𝑟, 𝐸𝑟) or 𝑁𝑎2𝑂 does not change 

the phosphate chain as the substitution of 𝑅𝑒3+ for 𝑁𝑎+, three 𝑃 − 𝑂− − 𝑅𝐸3+ replaces one of the  

𝑃 − 𝑂− − 𝑁𝑎+ linkages and one unstable  (𝑂1𝑂2/2𝑃) − 𝑂 − (𝑃𝑂1𝑂2/2) linkages between the 

phosphate chain [65]. 

4.2.2.3 Effect of Cation Field Strength (CFS) 

In figure 4.6, the difference in the slopes of 𝑇𝑔 is mainly due to the difference between the ionic 

radius and cation field strength (CFS) 𝐶𝐹𝑆 = 𝑍/𝑟𝑖𝑜𝑛𝑖𝑐
2  [68]. The CFS is inversely proportional to 

the square of the ionic radii of the elements and directly proportional to the valence of the cation.  

Ionic radius at the given valence state depend upon the coordination number which was reported 

by Shannon [69]. Because 𝑟𝐸𝑟 (1.004 Å) <   𝑟𝑃𝑟( 1.126 Å) ,  𝐶𝐹𝑆𝐸𝑟 ( 2.83) >  𝐶𝐹𝑆𝑃𝑟(2.36). 

Furthermore, the smaller radius of erbium ion exerts a stronger electrostatic force on the network 

and increases the work required to overcome interionic forces and allow the network segments to 

rearrange at the glass transition [70] [71] . For high field cations with greater electronegativity (Er 

(1.24), Pr (1.13), Na (0.93)) , covalent 𝑀 − 𝑂𝑛𝑏 bonds formed, thus reducing the average 

covalency of the 𝑃 − 𝑂𝑛𝑏 bond [72] [73] [74]. The formation of stronger 𝑀 − 𝑂𝑛𝑏 bonds is in 

accordance with increasing glass transition temperature (𝑇𝑔) and better chemical durability [75]. 
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For different rare-earth ions, the 𝑇𝑔  varies linearly with the ionic radius of the 𝑅𝐸3+ [76]. Another 

important factor contributing to the increasing of 𝑇𝑔 is increasing the number of ionic cross-linking 

interactions per mole as the ratio of  
𝑅𝐸3+

𝑃
 increases, which makes the chain more stiffer and shorter. 

4.2.3 Vibrational Properties 

IR spectra also offer some structural information about the bonding characteristic of 𝑅𝐸3+ 

ions in glass network. The absorption band 𝑃 − 𝑂−  near 1110 𝑐𝑚−1 shifts towards lower 

wavenumber with increasing 𝑅𝐸2𝑂3 contents from 0.005 𝑡𝑜 0.05. This shifting suggests that 

𝑁𝑎2𝑂 in the glass network is replace with 𝑅𝐸2𝑂3. It is assumed that this shift is due to increase in 

the number of 𝑃 − 𝑂− − 𝑅𝐸3+ linkages at the expense of 𝑃 − 𝑂− − 𝑁𝑎+linkages [1].  

The bands for  (𝑃 −  𝑂 −  𝑃)𝑎𝑠 shifts toward lower frequency with increasing 𝑅𝐸2𝑂3 

concentration.  The same has been observed in studies of lithium and sodium ultraphosphate 

glasses with increasing the contents of the modifier [64]. This shift in (𝑃 −  𝑂 −  𝑃)𝑎𝑠 is attributed 

to the change in chain lengths and the in-chain (𝑃 −  𝑂 −  𝑃) bond angle [29] [32] [72].  The 

presence of 𝑅𝐸3+ opens the structure and distort the phosphate chain  (𝑂1 𝑂2

2

 𝑃) − 𝑂 − (𝑃𝑂2

2

𝑂1) 

linkage. This distortion results in large in-chain 𝑃 − 𝑂 − 𝑃 angles. The opening of the structure 

lead to a conversion of 𝑄3 to 𝑄2 group. 

The modification in the metaphosphate ( 𝑂2/2𝑃𝑂2
− ) structure resulting from increasing 𝑅𝐸2𝑂3 

concentration can be explained in term of the change in the charge density of anionic site  [77] 

[78]. It is assumed that on increasing the contents of  𝑅𝐸2𝑂3 some of the ring structures opens and 

form a smaller structure such as short chains and terminal structures. Thus, the charge density at 

the ring site may decreases as compare to the charge density at the chain structures and terminal 
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sites may increases by the addition of  𝑅𝐸2𝑂3 contents. it is also expected that the interaction 

between 𝑅𝐸3+ ions and rings make metaphosphate site become weaker while between 𝑅𝐸3+ ions 

and chain or terminal links make metaphosphate site become stronger. This is confirmed by the 

shifting towards lower frequencies for the band responsible for 𝑃 − 𝑂 −   𝑃 (896 𝑐𝑚−1 ) with ring 

structure and shifts in position of bands corresponding to chain and terminal metaphosphate. It is 

suggested that the change in compactness of the glass matrix upon addition of  𝑅𝐸2𝑂3 is due to the 

increase of the cross-linked density of Rare-earth ions either by disrupting the bonds connecting 

the neighboring 𝑃𝑂4 groups or by conversion of meta-phosphate rings into chains and terminal 

ones. 

 

Figure 4. 37 : The proposed structure of rare-earth doped sodium phosphate glasses in view of 

IR vibrational spectra. 
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The field strength of 𝑅𝐸3+
 is higher than that of 𝑁𝑎+, thus offering stronger ionic bonding between 

phosphate chains. Moreover, as one 𝑅𝐸3+
 incorporates into the glass network, three 𝑃 − 𝑂−  −

  𝑅𝐸3+ linkages will form between phosphate chains. Thus, the increase of cross-links between the 

phosphate chains will retard the entrance of 𝐻2𝑂 molecules (incorporation of 𝑂𝐻−), and lead to 

improved chemical durability of the rare-earth -doped glasses. The proposed structure of the 

glasses is shown in Figure 4.37. 

 

4.2.4 HEXRD Data 

4.2.4.1 Phosphate Network 

The OP  peak is fitted with two Gaussians, one for the 𝑃 − 𝑂𝑇 and other for 𝑃 − 𝑂𝐵. 

Table 4.1 shows non of the  bridging and terminal 𝑃 − 𝑂 bonds parameters  vary as the 𝑅𝐸2𝑂3 

content change x = 0.005 to 0.05. This agrees with several previous studies [17] [32]. The 

coordination number for the terminal and bridging oxygen are estimated from the relations [42]. 

𝑛𝑃−𝑁𝐵𝑂 = 2 
𝑁𝑂

𝑁𝑝
− 4 (4.21)  

 

𝑛𝑃−𝐵𝑂 = 8 − 2
𝑁𝑂

𝑁𝑝
 (4.22)  

 OP  coordination numbers, 𝑁𝑃𝑂, obtained herein  3.8 Å  are slightly lower than the expected 

result of 4  .  

4.2.4.2 Al-O peak 

 A small aluminum contamination results in a small addition to T(r) at an atomic seperation 

of 1.8 − 2.0 Å which cannot be accounted for by considering any RE, Na, P and O correlation. 
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This Al-O correlation arises from the 𝐴𝑙2𝑂3 contamination from the crucible. The presence of Al 

small (1-2 wt % 𝐴𝑙2𝑂3)) [1] or relatively large (17 wt  % 𝐴𝑙2𝑂3) [14] , amounts of Al does not 

compromise to the immediate rare-earth environment. Therefore, Al -O correlation was added to 

the models. However,  the presence of a Al-O correlation peak in the vicinity of P-O peak might 

affect the CN of P-O. Re-O, Na-O and O-O correlations which are represented by three peaks close 

to each other. The O-O peak was fixed for all fits with parameter 𝑟𝑂𝑂 = 2.52 Å and FWHM ∆𝑟𝑂𝑂 =

0.2 Å [17]. This O-O distance for the edge of a  𝑃𝑂4 tetrahedron. The number of the edges seen 

from a given oxygen atom is three or six for 𝑂𝑇 or 𝑂𝐵. The mean value 
y

NOO
5

24
=  [32] where 

52= 
P

O

N

N
y  [44], therefore 𝑁𝑂𝑂 in term of 

P

O

N

N
 is  

   𝑁𝑂𝑂 = 12(
𝑁𝑂

𝑁𝑝
) (4.23)  

  

4.2.4.3 Na-O and RE-O peak 

 The calculated O-O correlations do not fill the peak at2.52 Å, the remaining areas in this 

ange (2.1 − 2.5 Å) are attributed to RE-O and Na-O correlations. Table 4.1 shows that average 

RE-O distance for the x (0.005 − 0.05) range decreases  going from  Pr to Er. . This decrease in 

inter-atomic distance has been  observed by several authors [1,32,24]. The RE-O CN in all of these 

glasses was observed to decrease from   8 (ultra-phosphate composition) to   7 for composition 

close to meta-phosphate glasses as in Figure 4.35. The decrease in CN for Pr and Nd is 0.5 when 

rare-earth concentration changes from 0.005 to 0.05, whereas that  is 0.8  for Er for the same 

range. The average interatomic distance for 𝐸𝑟-O is approximately 2.26 Å  and this inter-atomic 
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distance increases for large rare-earth ion (Pr, Nd) to approximately 2.45 Å  for Pr and 2.41 Å  

for Nd in Figure 4.36(a). This change in interatomic distance is attributed to lanthanide contraction 

effect (Figure 4.36 bottom) and the variation of distance going from Pr to Er is 0.2 Å .  

 

Figure 4. 38: Coordination number (CN) of rare-earth in (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 

glasses, the error in CN were calculated by NXFit program. 

It is evident from  Table 4.1 that  the change of CN for Na-O independent of rare-earth 

concnetration. By comparing the modeled data with experimental data in Figure 4.15, it is also 

clear that only affect of changing concentration is on the peak area of RE-O going from 0.005 to 

0.05. The overlapping and asymmetric Gaussian peaks makes it difficult to have better fit (than 

the one shown) between the experimental and modeled data, but the residual difference between 

two curves is less than 5 % .  
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Figure 4. 39: (top) RE-O distances of rare-earth in (𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦 glasses 

(bottom) dependence of RE-O distances (𝑅𝑅𝐸−𝑂) on the atomic number of rare-earth atom. The 

data is for samples with silimar 𝑅𝐸2𝑂3 concentration (𝑥 ~ 0.05). 
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Therefore, it is useful to consider the ratio of NBO per Me  cation, 𝑀𝑁𝐵𝑂 which is given 

by [32] in term of 𝑁𝑂 and 𝑁𝑃 as 

𝑀𝑁𝐵𝑂 = 
𝑁𝑁𝐵𝑂

𝑁𝑀𝑒
= 

𝜈(𝑦+1)

𝑦
= 

𝜈(2
𝑁𝑂
𝑁𝑝

−4)

(
𝑁𝑂
𝑁𝑝

−5)
 (4.1)  

 where 𝑁𝑁𝐵𝑂 and 𝑁𝑀𝑒 are the number of NBOs and cations, respectively. In these  glasses where 

rare-earth and sodium both are acting a glass modifier, 𝑀𝑁𝐵𝑂 for 𝑁𝑎+ is   2.50 when x =0.005 

and   2.2 at x =0.05. On the other hand 𝑀𝑁𝐵𝑂 for 𝑅𝐸3+ is   7.40 when x =0.005 and   6.6 at x 

=0.05. The CN of Na-O is approximately 5, implying  that two ions must  shared each  𝑁𝑎+ ions 

and the 𝑁𝑎𝑂 polyhedra must share edges leading to a Na-Na correlation across these edges. For 

𝑅𝐸3+ ions the CN change from 8 to 7.2, as the concnetration increases from 𝑥 = 0.005 to 0.05 . 

This means that  most of the  𝑅𝐸3+ ions can be presented in isolated polyhedra. The 𝑅𝐸 − 𝑂 

distances were calculated for coordination 6,7 and 8 oxygens using ionic radii from Shannon [69] 

, and they were compared with the CN and distances of obtained from  HEXRD and EXFAS 

measurements [79] [80]. The discrepency between the CN deduced from the calculated 𝑅𝐸 − 𝑂 

(Figure 4.40 & 4.41) and those determined from HEXRD data fall within  the uncertainiteis with 

the fitting data. Another controibuting  factors to these uncertainites is the systemic error in 

HEXRD data.    
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Figure 4. 40: (a) RE-O distance with Shannon radii, (b) Comparison of HEXRD results with 

EXFAS and Shannon radii   The dotted line are Shannon radii for CN =8 and CN =6. 
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Figure 4. 41: Comparison of HEXRD CN and EXFAS CN. The dotted lines for CN =8 and 

 CN =6 obtained from Shannon radii. 

 

4.2.4.4 P-P peak 

 The P-P coordination number is close to 2 for all rare-earth glasses, but the bond length is 

slightly shorter  ( by 0.03 Å ) in Er doped glasses than in Pr and Nd doped glass. From the Table 

4.1, it is also clear that P-P correlation is not effect by the change of composition of rare-earth.  
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4.2.5 Absorption Properties 

4.2.5.1 Judd-Ofelt Analysis 

The Judd-Ofelt Theory is applied to the ground state absorption (GSA) spectrum to 

calculate the manifold-to manifold transition probabilities, from which the radiative lifetimes and 

branching ratios of emission are determined.  

The measured line strengths 𝑆𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑑 (Table 4.3) of each absorption band are determined using 

Equation. (4.5) and the mean wavelength 𝜆̅, the refractive indexes, and integrated absorption cross-

sections also listed in Table 4.2. The values of the doubly reduced matrix elements 𝑈𝑡 (t = 2, 4, 6)  

present in the Equation (2.27) for the calculated line strengths 𝑆𝐶𝑎𝑙𝑐 are given in Table 4.2. The 

calculated values of JO parameters (Ω𝑡, 𝑡 = 2,4,6) are given in Table 4.3. 

Table 4. 3 : The measured and calculated line-strength of Nd samples for five transitions. 
 

Transition 

𝑁𝑑 (𝑥

= 0.02) 

× 10−20𝑐𝑚2 

𝑥 = 0.03 

× 10−20𝑐𝑚2 

𝑥 = 0.04 

× 10−20𝑐𝑚2 

𝑥 = 0.05 

× 10−20𝑐𝑚2 

 𝑆𝑚𝑒𝑎  𝑆𝑐𝑎𝑙 𝑆𝑚𝑒𝑎 𝑆𝑐𝑎𝑙 𝑆𝑚𝑒𝑎 𝑆𝑐𝑎𝑙 𝑆𝑚𝑒𝑎 𝑆𝑐𝑎𝑙 

4 F 3 / 2 1.2824 1.2907 1.2309 1.1891 1.3597 1.2504 1.1879 1.1343 

2H9/2 + 4F5/2 4.0020 3.9934 3.8429 3.8903 3.9270 4.0550 3.5533 3.6176 

2S3/2 + 4F7/2 3.9356 3.9429 3.9628 3.9325 4.1652 4.0901 3.6606 3.6264 

4 F 9 / 2 0.3005 0.2792 0.3225 0.2755 0.5423 0.2866 0.4324 0.25547 

2H11/2 + 4G5/2  +
4G7/2 6.4523 6.4524 6.0671 6.0667 5.9387 5.9377 5.1684 5.1679 

RMS 0.0181 0.0597 0.2227 0.1410 
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Table 4. 4: Calculated values of JO parameters for Nd doped sodium phosphate glasses. 

 

Sample 

Ω2  

( ×10−20 𝑐𝑚2) 

Ω4  

( ×10−20 𝑐𝑚2) 

Ω6  

( ×10−20 𝑐𝑚2) 

𝑄𝐹

= 
Ω4

Ω6
 

Er x =0.01 3.87 1.25 1.14  

 Nd x =0.02 3.56 4.27 5.68 0.75 

Nd x =0.03 3.43 3.82 5.70 0.67 

Nd x = 0.04 3.15 4.04 5.92 0.74 

Nd x = 0.05 2.63 3.69 5.24 0.70 

Nd x =0.08 2.28 3.64 5.06 0.72 

 

The parameters thus obtained are such that, Ω6 > Ω4 > Ω2 . Ω2 decreases with increasing of 

𝑁𝑑3+ concentration. In general, the observed Ω2  is related to the covalency and asymmetry at the 

rare-earth sites.  The weaker values of Ω2 suggest that the more centro-symmetrical the ion site 

and the more ionic the chemical bond with the ligand [81]. 

The other parameters Ω4 and  Ω6 are mostly dependent on the bulk properties.Ω6 is more affected 

by the radial integral between 4𝑓 and 5𝑑 states of the rare-earth ions. The decrease in the Ω6 is 

related with the decrease of the 𝜎 − 𝑏𝑜𝑛𝑑 between the ligand and rare-earth ion.  The decrease in 

Ω6 is also accompanied by an increase in the electron density donated from the ligands, and a 

decrease in the Coloumbic interaction between the rare-earth ion and the ligands  [82]. 

The spectroscopic quality factor is important in predicting the emission of the laser active medium. 

The decay rate for the transition  4𝐹3 2⁄ →  4𝐼𝐽 ( 𝐽 =  9/2,11/2,13/2,15/2) depends only on the 
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intensity parameters of Ω4 and  Ω6 , because the second rank matrix element, for transitions 

between these states is equal to zero. Therefore, the branching ratio 𝛽𝐽𝐽′ given in Equation (4.17) 

and plotted in Figure 4.42 can only be expressed in term of one parameter 𝑄𝐹  

𝛽𝐽𝐽′

= 

1

𝜆𝑗′
3̅̅ ̅ [𝑄𝐹|⟨𝑓𝑛[𝑆𝐿]𝐽||𝑈4||𝑓𝑛[𝑆′𝐿′]𝐽′⟩|2 + |⟨𝑓𝑛[𝑆𝐿]𝐽||𝑈6||𝑓𝑛[𝑆′𝐿′]𝐽′⟩|2 ]

∑
1

𝜆𝑗′
3̅̅ ̅ [|⟨𝑓𝑛[𝑆𝐿]𝐽||𝑈4||𝑓𝑛[𝑆′𝐿′]𝐽′⟩|2 + |⟨𝑓𝑛[𝑆𝐿]𝐽||𝑈6||𝑓𝑛[𝑆′𝐿′]𝐽′⟩|2]

 

(4.2)  

In the above equation, the sum is over all the final lower-lying 4IJ’ states. The reduced matrix 

elements of 𝑁𝑑3+ for transitions from  4𝐹3 2⁄  excited sates to  4𝐼𝐽′ is given in table 4.5.  

 

Table 4. 5: The reduced matrix elements of 𝑵𝒅𝟑+ for transitions from  𝟒𝑭𝟑 𝟐⁄  excited sates to  𝟒𝑰𝑱′
. 

 

From  4𝐹3 2⁄  𝐸𝑛𝑒𝑟𝑔𝑦 (𝑐𝑚−1) 𝜆̅ (𝑛𝑚) ‖𝑈2‖2 ‖𝑈4‖2 ‖𝑈6‖2 

 4𝐼15 2⁄  5400 1852 0 0 0.0288 

 4𝐼13 2⁄  7500 1333 0 0 0.2085 

 4𝐼11 2⁄  9500 1053 0 0.1136 0.4104 

 4𝐼9 2⁄  11350 881 0 0.2293 0.0548 

 

Figure 4.42. indicates that to achieve stimulated emission from  4𝐹3 2⁄ →  4𝐼𝐽 ( 𝐽 =  9/2,11/2,13/

2,15/2), transitions of 𝑁𝑑3+ it is necessary to have a laser active medium with low value of 

𝑄𝐹(Ω6 ≫ Ω4) [83].   
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Figure 4. 42: Fluorescence branching ratio for Nd versus the spectroscopic quality factor. 

 

But for the stimulated emission  4𝐹3 2⁄ →  4𝐼9/2transitions materials with large 𝑄𝐹(Ω4 ≫ Ω6). is 

required. The branching ratio 𝛽 is the relative contribution of one transition to the total radiative 

decay.  The transition with  𝛽 >   0.5 is potential candidate for laser action [84].  

 

4.2.6 Lifetime Measurements 

4.2.6.1 Erbium Doped Sodium Phosphate Glasses 

Measured quantum efficiency(𝜂) are slightly lower than those obtained for other commercial 

phosphate glass (Kigre. Inc., = 80%) [85]. The decrease in lifetimes and 𝜂 with increasing 𝐸𝑟3+ 

ion concentration (Fig. 4.25) is mostly due to an increase of energy transfer between neighboring  

𝐸𝑟3+ ions and energy transfer from 𝐸𝑟3+ ions to quenching centers like 𝑂𝐻−groups [86]. 
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Specially, the free 𝑂𝐻− 𝑔𝑟𝑜𝑢𝑝𝑠 in the glass are regarded as effective quenchers of the IR radiation 

in 𝐸𝑟3+-doped phosphate glasses [87].  The energy difference between  4𝐼13 2⁄ 𝑎𝑛𝑑   4𝐼15 2⁄ levels 

𝐸𝑟3+ ions (∼ 6500 𝑐𝑚−1) and the 𝑂𝐻− vibrational frequency is about 3429 𝑐𝑚−1 in the sodium 

phosphate glasses (FTIR spectra, Fig. 4.8). Hence only two phonons are required for non-radiative 

deexcitation of the infrared radiation from  4𝐼13 2⁄  of 𝐸𝑟3+ ions as shown in Figure 4.43. 

 

Figure 4. 43: Effect of OH group on  4𝐼13 2⁄ →   4𝐼15 2⁄ transition in erbium doped glasses. 

 

4.2.6.2 Lifetime of Erbium Doped Sodium Phosphate Glasses 

The measured lifetime of   4𝐼13 2⁄ level is comparable to the other phosphate glasses containing 

𝐴𝑙2𝑂3 [55] and also 𝑇𝑒2𝑂 glasses [88] [89]. From Figure 4.24, it is also clear that lifetime of Er 

doped glasses decreases as the concentration of 𝐸𝑟3+  increases. 

In general, the lifetime of 4I13/2 level of 𝐸𝑟3+ ion is strongly governed by radiative and non-

radiative processes. The lifetime 𝜏𝑟𝑎𝑑 of sample with 𝑥 =  0.01 was calculated using Judd-Ofelt 

analysis and using known parameters for oscillator strengths (Ω2 = 3.25, Ω4 = 0.54, Ω6 = 0.55) 

×1020𝑐𝑚2 [55] to be  13.79𝑚𝑠𝑒𝑐. The quantum efficiencies calculated using above lifetime for 
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erbium-doped samples decreases with increasing 𝐸𝑟3+ concnetration increases as shown in Figure 

4.26. 

4.2.6.2.1 Effect of Concentration Quenching 

 

Figure 4. 44: Effect of concentration quenching on the lifetime of erbium ion in sodium 

phosphate glasses. 

The fluorescence lifetime experimental data were fitted with empirical formula shown in equation 

(4.18) proposed by Auzel et al [90] [91] for the case of limited diffusion as shown in  Figure 4.44. 

Here, the energy transfer from  𝐸𝑟3+ to nearby defects or trapping centers, also known as 

quenching traps is assumed to be the main mechanism responsible for the increase in the quenching 

process. 

𝜏(𝑁) =  
𝜏0

1 + 
9
2𝜋 (

𝑁
𝑁0

)
2 

(4.3)  
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In the above equation 𝜏 is the measured lifetime at a given 𝐸𝑟3+ ion concentration N, 𝜏0 is the 

lifetime in the limit of zero concentration i.e the radiative lifetime, and 𝑁0 is the quenching 

concentration.  

There is good agreement (R = 0.95) between the fit and the calculated values as seen in Figure 

4.44. In addition, the values of 𝜏0 = 12.7 𝑚𝑠𝑒𝑐 and 𝑁0 = 1.57 × 1020 𝑖𝑜𝑛𝑠/𝑐𝑚3 obtained from 

the fit agrees weel with those calculated from data.  Another empirical law proposed by Miniscalo 

[92]  relates 𝜏𝑒𝑥𝑝 with 𝐸𝑟3+ concentration  

𝜏𝑒𝑥𝑝 = 
𝜏1

1 + (
𝑁𝑑

𝑄 )
𝑝 

(4.4)  

where 𝜏1  is the intrinsic lifetime, Q is a critical quenching concentration, and the exponent p is an 

adjustable parameter which relates to the number of ions in the interaction process. The published 

experimental value of  𝑝 is approximately two [92] [91].  

 
Figure 4. 45 :  Effect of concentration quenching and presence of energy transfer via dipole-

quadrupole interactions. 
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The red line in Figure 4.45 is the plot of equation (4.19) with the blue line for  𝑝 = 2. The value 

of 𝑝 obtained from the fit to data (blue line Figure 4.45) is 3.34 instead. According to Ref. [93], 

the deviation from p = 2 can be explained by the presence of electric dipole-quadrupole and 

quadrupole-quadrupole interactions or, alternatively, energy-transfer processes involving more 

than two particles [94]. The corresponding fit to the experimental lifetime data (blue line in Fig. 

4.45, extrapolated to zero concentration, results in an intrinsic lifetime of the first excited level of  

𝜏1 = 10.1 𝑚𝑠𝑒𝑐 .   

 

4.2.6.3 Neodymium Doped Sodium Phosphate Glasses 

The effect of concentration quenching on the 𝑁𝑑3+  is shown in Figure 4.46 

 

Figure 4. 46: Effect of concentration quenching on the lifetime of neodymium ion in sodium 

phosphate glasses. 
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Figure 4. 47 : Effect of concentration quenching and presence of cross relaxation. 

 

There is good agreement (R = 0.98) between the fit and the calculated values as seen in Figure 

4.46. In addition, the values of 𝜏0 = 467  𝜇𝑠𝑒𝑐 and 𝑁0 = 5.98 × 1020 1/𝑐𝑚3 obtained from the 

fit agrees well with those of calculated from data. The red line in figure 4.47 is the plot of equation 

(4.19) with 𝑝 = 2 and the blue line for  𝑝 = 2.24The  best  fit value of 𝑝 obtained from the fit to 

data (red line in Figure 4.45 ) is 2 [95] [96], which indicates that two ions participate for the 

quenching process [95]. 

By fitting the fluorescence decay curves, 𝐼(𝑡)𝑣𝑠 𝑡  using the frame work of the Inokuti-Hirayama 

(IH) [97]. One can examine the dominant interaction mechanism. According to this model, the 

decay of fluorescence intensity follows the equation  
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𝐼(𝑡) =  𝐼0 𝑒𝑥𝑝 (−(
𝑡

𝜏0
) − 𝑄 (

𝑡

𝜏0
)
3/𝑆

)      (4.5)  

where 𝑡 is the time after pulsed excitation and 𝜏0 is the intrinsic decay time of the donors in the 

absence of acceptors. The value 𝑆 = 6,8 𝑜𝑟 10 depends on whether the dominant mechanism of 

interaction is dipole-dipole, dipole-quadrupole or quadrupole-quadrupole respectively. The energy 

transfer parameter 𝑄 is define as 

𝑄 =
4𝜋

3
 Γ (1 −

3

𝑆
)𝑁0𝑅0

3 (4.6)  

where the Γ (1 −
3

𝑆
) is equal to 1.77 in the case of dipole-dipole interaction (S =6), 1.43 for dipole-

quadrupole interaction (S =8) and 1.3 for quadrupole-quadrupole interactions ( S =10). 𝑁0 is the 

concentration of acceptors, which is in practice equal to the concentration of 𝑅𝐸3+  ions and 𝑅0 is 

the critical distance define as the donor-acceptor separation for which the rate of energy-transfer 

to the acceptors is equal to the rate of intrinsic decay of the donors.  The value of parameter 𝑄 can 

be derived in the fitting process of decay data as shown in Figure 4.48.  

The 𝜏0 values used in the equation 4.20 corresponds to the case of isolated donors, where no energy 

transfer takes place and the exponential decay curves exhibit perfect single exponential nature. 

The donor-acceptor energy-transfer parameter (dipole-dipole interaction parameter) 𝐶𝐷𝐴is related 

to 𝑅0 by the formula 

𝐶𝐷𝐴 = 𝑅0
𝑆𝜏0

−1 (4.7)  
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Figure 4. 48 : The Inokuti-Hirayama(IH) model fit for the Nd doped sample with molar fraction 

x = 0.05. 

The values of spectroscopic parameters obtained from decay curve analysis of 𝑁𝑑3+ doped 

glasses are given in Table 4.6. 

Table 4. 6:  The values of parameters derived by fitting the IH model to non-exponential decay 

curve of the neodymium doped glasses. 

 

Sample 

molar 

fraction (x) 

𝑁0 × 1020 

𝑖𝑜𝑛𝑠

/𝑐𝑚−3 

𝜏0 (𝜇𝑆𝑒𝑐) 𝑄 𝑅0(𝑛𝑚) 

𝐶𝐷𝐴 

(
10−40𝑐𝑚6

sec
) 

 0.005 0.73 441 0.35 0.86 9.17 

 0.05 6.82 162 2.13 0.75 10.98 

 

The non-exponential nature of the decay curves (Figure 4.48) is well fitted to IH model for 𝑆 = 6, 

indicating that the dominant interaction for energy-transfer through cross-relaxation (CR) between 
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𝑁𝑑3+ ions is of dipole-dipole type [98]. The energy -transfer parameter 𝑄 is increased whereas the 

donor (excited 𝑁𝑑3+) -acceptor (non -excited 𝑁𝑑3+) separation  (𝑅0) and dipole-dipole interaction 

parameter ( 𝐶𝐷𝐴) are decreased with increase in concentration. The increase in the Q value with 

the increasing concentration is due to the increase of effective density of donors and acceptors.  

The values obtained for these glasses samples are found to be relatively higher than those values 

derived for  𝑁𝑑 ∶ 𝑌𝐴𝐺 [99]and 𝑁𝑑3+: 𝑌𝐴𝑙𝑂3 [100].  

4.2.7 Emission Properties  

4.2.7.1 Erbium Doped Samples 

As seen in Figure 4.31(d), the intensity of peak at 1530 𝑛𝑚 increases as the doped erbium 

ion concentration increases. The fluorescence intensity reaches a maximum at an 𝐸𝑟3+ 

concentration of about x =0.01.  

 

Figure 4. 49 : The relationship between fluorescence intensity and erbium ion concentration. 
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Over this doping concentration, the fluorescence intensity decreases, due to the doped 

concentration quenching as the doped erbium ion concentration further increases [101]. The 

relationship between the peak value of fluorescence and 𝐸𝑟3+concentration is shown in Figure 

4.49.  

The decrease in fluorescence intensity is attributed to the energy transfer of excited erbium ion to 

the nearby ions or the presence of water in the samples [102].  

The other important parameter for the evaluation of emission properties is the emission effective 

band width of emission spectra defined as  Δ𝜆𝑒𝑓𝑓 =
1

𝐼𝑝
 ∫ 𝐼(𝜆)𝑑𝜆 [52] [103]and plotted in Figure 

4.50. 

 

Figure 4. 50: Comparison of effective bandwidth of emission spectra at 522 nm and 1064 nm 

excitation sources. 
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Though no peak shift (𝜆𝑝𝑒𝑎𝑘 = 1538 𝑛𝑚 ) has been observed, the broadness of the emission 

spectra does increase considerably (FWHM 50–70 nm, 80- 92 nm) with the increase of 𝐸𝑟3+ion 

concentration at two different excitation wavelengths.   

 Δ𝜆𝑒𝑓𝑓 increases linearly with erbium ion concentration for 1064 𝑛𝑚 source but for 522 𝑛𝑚 

source, it increases first up to (x= 0.01) and the increase in very small up-to (𝑥 = 0.03).The 

decrease of Δ𝜆𝑒𝑓𝑓 for (𝑥 = 0.04) and (𝑥 = 0.05) sample is attributed to the sample cracks as 

shown in inset of figure 4.50.  The emission broadening with the increasing of 𝐸𝑟3+ concentration 

could be due to occupation of active ions in various sites of microscopic environment, and the 

coordination number  [104] . which results in more inhomogeneous broadening. However, 

observed broadness can also arise from self-absorption and radiation trapping processes [105].  

 

Figure 4. 51 :  Absorption and emission cross-section of the transition for (x= 0.01) of erbium-

doped glass. 
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The addition of more 𝐸𝑟3+ ions also modifies the structure with greater variety of dopant sites. 

The local crystal field generated in the higher concentration samples seems to be mainly 

responsible for the larger broadening of the IR emission.  The theory of McCumber [106] provides 

simple relations that uniquely relate absorption and emission cross-sections of glasses in Figure 

4.51.  

 

4.2.7.2 Neodymium Doped Sodium Phosphate Glasses.  

The peak intensity (𝐼𝑝𝑒𝑎𝑘) and Δ𝜆𝑒𝑓𝑓 for the Nd doped glasses are shown in Figure 4.52 and 4.54. 

 

Figure 4. 52 :  Peak intensity of Nd doped samples at different excitation sources. 

As shown in Figure 4.33(b) , the  excitation at by a  532 𝑛𝑚 laser gives  emission transitions at 

1064 𝑛𝑚 and 1330 𝑛𝑚. The peak intensity of the emission at 1064 𝑛𝑚  increases with the 𝑁𝑑3+ 

ion concentration up-to 3 𝑚𝑜𝑙𝑒 % , but decreases as the 𝑁𝑑3+ concentration further increases, 
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when excited with 532 𝑛𝑚. This decreases in the intensity is attributed to the concentration 

quenching and presence of 𝑂𝐻−[107], which results in cross energy transfer [108].  The schematic 

diagram of the relaxation processes is shown in Figure 4.53 [109]. 

 

Figure 4. 53: Schematic diagram of the relaxation processes dominating the depopulation of the 

4F3/2 level of excited Nd3+ ions. 

The intensity of the emission line at 1330 𝑛𝑚,  see Figure 4.33(c), increases as the 𝑁𝑑3+ ion 

concentration increases, when excited with a 1064 𝑛𝑚 laser source. However, intensity of this 

transition is small for 532 𝑛𝑚 laser excitation as compare to 1064 𝑛𝑚  laser. Furthermore, the 

change in  Δ𝜆𝑒𝑓𝑓 for these transitions are very small. 
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4.2.7.3 Praseodymium Doped Sodium Phosphate Glasses 

 

Figure 4. 54 : Peak intensity of praseodymium doped glasses at 444 nm and 1064 nm laser 

wavelengths. 

The emission spectra of 𝑃𝑟 doped glasses increase linearly with 𝑃𝑟3+ ion concentration for both 

the excitations at 444 𝑛𝑚  and 1064 𝑛𝑚 laser sources. However, the peak emission for 444 𝑛𝑚 

laser is at 640 𝑛𝑚 and for 1064 𝑛𝑚 laser, it is at 1330 𝑛𝑚.    
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 Chapter 5 

CONCLUSION 

The atomic-scale structure of rare-earth doped ultraphosphate glasses of composition  

(𝑅𝐸2𝑂3)𝑥(𝑁𝑎2𝑂)𝑦(𝑃2𝑂5)1−𝑥−𝑦, where 𝑅𝐸 =  𝑃𝑟, 𝑁𝑑, and 𝐸𝑟 (0.005 ≤ x ≤ 0.05), has been 

investigated using high-energy X-ray diffraction technique (HEXRD). Thermal property 

measurements, optical spectroscopy, and Fourier transform infrared spectroscopy (FTIR) have been 

used as complementary techniques.  The diffraction technique is crucial to extract information about 

structural features such as inter-atomic distances and coordination numbers and their dependence on 

the concentration of 𝑅𝐸2𝑂3 . Such information has been obtained by analyzing pair distribution 

functions obtained from diffraction data. However, the atomic-level structure of glasses is disordered 

and a single diffraction technique alone cannot give a detailed picture of the atomic-level structure. 

Hence, data from above mentioned complementary techniques were utilized in this project to further 

investigate the atomic arrangement.  The major research findings and their significance are 

summarized as follows. 

5.1 Physical and Thermal Properties 

The density and molar volume of glasses increase linearly with increasing 𝑅𝐸2𝑂3 

concentration. The linear increase in density is a result of lighter atoms 𝑁𝑎 being replaced by heavier 



168 

 

𝑅𝐸 atoms. Whereas, the increase in the molar volume indicates that the incorporation of 𝑅𝐸2𝑂3 

makes the glass network open by expanding the structure. The change in the molar volume with 

𝑅𝐸2𝑂3 concentration is also an indication that the modification that takes place through the 

depolymerization of glass network. The opening of the linkages between the phosphate chains takes 

places by breaking the bridge between two 𝑄2  networks.     

The glass transition temperature (𝑇𝑔) increases with 𝑅𝐸2𝑂3 concentration. This is due to increase in 

cross link density. This increase indicates that the incorporation of 𝑅𝐸3+ strengthens the glass 

network. The slopes of Tg vs. RE3+ concentration graphs indicate that the cation field strength 

increases from Pr3+ to Er3+.   

5.2 Vibrational Properties 

The 𝑃 − 𝑂− band of FTIR spectra represents NBO bonds of 𝑄2 groups. This band shifts towards 

lower frequencies as 𝑁𝑎2𝑂 is substituted with 𝑅𝐸2𝑂3. This shifting of the P-O- band towards lower 

frequencies with increasing RE3+ concentration can be attributed to an increase in the number of 

𝑃 − 𝑂− − 𝑅𝐸+ linkages in the network.  Because the field strength of 𝑅𝐸3+ ion is higher than that 

of  𝑁𝑎+ ions, 𝑃 − 𝑂 − 𝑃 angles become smaller and phosphate chains become shorter with 

increasing 𝑅𝐸3+concentration. The presence of 𝑅𝐸3+ distort the phosphate chains by increasing 

the cross-link density. 

5.3 High energy X-ray Diffraction  

The average 𝑃–𝑂 coordination number (𝐶𝑁𝑃−𝑂) is 3.8, slightly  less than the expected value of 

four. This discrepancy may be attributed to relatively severe Fourier series termination ripples in 

the low r-region of pair distribution functions. The average 𝐶𝑁𝑃−𝑂 and 𝑃 − 𝑂 distance do not 

depend on the type rare earth dopant. 
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The 𝐶𝑁𝑅𝐸−𝑂 decreases by approximately 0.5 when the 𝑅𝐸2𝑂3 concentration increases from  𝑥 =

0.005 to 0.05 for preseodymium and neodymium doped glasses. The corresponding change for 

erbium doped glasses is approximately 0.8. The average 𝑁𝑎 − 𝑂  coordination number 𝐶𝑁𝑁𝑎−𝑂, 

which is approximately five, is independent of both the rare-earth concnetration and the type of 

rare earth ion.  

5.4 Optical Properties 

The decreasing of Judd-Ofelt parameter Ω2 with increasing 𝑁𝑑3+ concentration suggests that the 

chemical bond 𝑁𝑑 − 𝑂 is more ionic in nature than 𝑃 − 𝑂. The decrease in Ω6 is related to the 

decrease in the 𝜎 − 𝑏𝑜𝑛𝑑 between 𝑁𝑑 − 𝑂. Furthermore, this decrease in  Ω6 indicates an increase 

in electron density donated from the oxygen by decreasing the Coulombic interaction between the 

𝑁𝑑 − 𝑂. The lifetimes of level 4I13/2 of  𝐸𝑟3+ ions and 4F3/2 level of 𝑁𝑑3+ ions decrease with 

increasing RE3+ concentration. The decrease in the lifetime is attributed to energy migrations 

process due to concentration quenching and the likely presence of 𝑂𝐻− group. The concentration 

quenching model indicates that the quenching starts at approximately 𝑥 = 0.01 in erbium glasses. 

In contrast, quenching appears to start after 𝑥 = 0.04 in neodymium-doped glasses. It is assumed 

that concentration quenching is the main contributing process in decreasing the lifetime of 𝐸𝑟3+ 

ions along with the 𝑂𝐻 group. The number of particles participating in the interaction process is 

approximately three, which indicates that the energy is first transferred to a nearby donor (𝐸𝑟3+) 

ion and then to the acceptor 𝑂𝐻− group. For neodymium glasses, the 𝑂𝐻− group is the leading 

energy transfer process because the number of particles participate in interaction is 2.   

The Inokuti-Hirayama (IH) model analysis of the non-exponential nature of the decay curves 

reveals that the interaction responsible for cross-relaxation between the acceptor and donor ions is 
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of dipole-dipole type for  𝑁𝑑3+ ions, which increase with the concentration of 𝑁𝑑3+.  Furthermore, 

the energy transfer parameter (𝑄) increases with 𝑁𝑑2𝑂3 concentration by decreasing the average 

separation distance between the two 𝑁𝑑3+ ions.  
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